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Abstract. We study spatial analyticity properties of solutions of the Navier-Stokes equation 
and obtain new growth rate estimates for the analyticity radius. We also study stability 
properties of strong global solutions of the Navier-Stokes equation with data in H r , r > 1/2 
and prove a stability result for the analyticity radius. 
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1. Introduction 

We look at the following system of equations in the variables (t,x) G [0,oo[xM 3 . The 
unknown u specifies at each argument a velocity u = u(t,x) G M 3 . The unknown p specifies 
at each argument a pressure p = pit, x) G R. 

§- t u + (u- V)u + Vp = Au 

V-m = . (1.1) 

u(t = 0) = u 

We eliminate the pressure in the standard way using the Leray projection P. It is an or- 
thogonal projection on L 2 (R 3 , IR 3 ) which is fibered in Fourier space, i.e. (Pf)(£) = -P(£)/(0> 
and it is given according to the following recipe: = I — £ := C/ICI- 
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(|u + P(u ■ V)u - Am) (t, ■) = 
u(t) := u(t, •) G RanP 

We introduce a notion of strong global solution to (11.21) in terms of A 
following the Sobolev space H r is the Hilbert space with norm ||/||# r = 
(x) = a/1 + \x\ 2 . 

Definition 1.1. Let r > 1/2. The set Q r is the set of u G C([0, oo[, (H r ) 3 ) satisfying: 

(1) u(t) G P{H r f for all t > 0, 

(2) The expression A 5 ^u(t) defines an element in C(]0, oof, (L 2 ) 3 ) and 

limt 3 / 8 p 5 / 4 M (t)|| (L2) 3 =0, 

(3) u G C^QO^,^ 3 )) and 

f t u = -A 2 u - P(u ■ V)u; t > 0. 

Here the differentiability in i is meant in the weak* topology and the equation in (3) is meant 
in the sense of distributions. We refer to any u G Q r as a strong global solution to the problem 

0X2) - 

1.1. Discussion of uniform real analyticity. Fix r G K. and / G fT". We say that / is 
uniformly H r real analytic if there exists a > such that the function M 3 9 77 — > e 1,? ' p / = 
/(• + 77) G fT", p := — iV, extends to an analytic function / on {|Imr/| < a} and that 

sup II/MHjp- < 00. (1.3) 

|Im7?|<a 

We define correspondingly the analyticity radius of / as 

rad(/) = sup{a > 0| the property (II. 3p holds}. (1.4) 

If / is not uniformly H r real analytic we put rad(/) = 0. 

We note that the notions of uniform real analyticity and corresponding analyticity radius 
are independent of r, and that in fact 

rad(/) = sup{a > 0| e aA f G H r } = sup{a > 0| e aA f G L 2 }. (1.5) 

Moreover if rad(/) > then by the Sobolev embedding theorem, H s C L°° for s > 3/2, the 
function R 3 3 x — > f(x) G C extends to the analytic function / on { | Im 77 1 < rad(/)} given 
by f(v) = /( ? ?)(0)- Conversely suppose a given function l 3 9i-^ f(x) G C extends to an 
analytic function / on { | Im 77 1 < b} and that f(ri) := /(• + 77) obeys (II. 3p for all a < b then / 
is an analytic if r -valued function and rad(/) > b. 

If / G H r for some r g] — 00, 3/2 [ (see Section [2] for the definition of homogeneous Sobolev 
spaces) one can introduce similar notions of uniform real analyticity and corresponding an- 
alyticity radius (by using (11.31) with H r — > H r and (II AL respectively). If / G H r has a 
positive analyticity radius then / = fx + f 2 where fx has an entire analytic continuation and 
f'2 is uniformly H s real analytic for any s. Note however that the concept of uniform H r 
analyticity is dependent on r. 

In any case a > will be a lower bound of the analyticity radius of / G H r or / G H r if 

e aA f G H r or e aA f G H r , respectively. 

For / = (fx, / a , / 3 ) G (i/ r ) 3 we define ra d(/) = min j (rad(/ i )). 
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(1.2) 

:= y/=E. In the 
||(A)7|| L2 where 



1.2. Results on real analyticity of solutions. It is a basic fact that for all u G Q r , r > 1/2, 

rad(«(t)) > for all t > 0. (1.6) 

In fact for any such u there exists A > such that 

rad(u(t)) > Av^ for all t > 0; (1.7) 

we note that (\1.7\i is a consequence of Corollary 17.51 Lemma 17.131 and Proposition 14.11 

The main subject of this paper is the study of lower bounds of the quantity to the left in 
(11.61) (and the analogous question for solutions taking values in homogeneous Sobolev spaces). 
The study of analyticity of solutions of the Navier-Stokes equations originated with Foias and 
Temam in [FT] where they studied analyticity of periodic solutions in space and time (see 
also [FMRT]). Later Grujic and Kukavica [GK] studied space analyticity of the Navier-Stokes 
equations in R 3 . Since then many authors have proven analyticity results. We mention the 
book by Lemarie-Rieusset [Le] where some results and references can be found. 

There are two regimes to study, the small and the large time regimes. One of our main 
results on large time analyticity bounds is the following (a combination of Theorem 16. Xl fTTl and 
Lemma I7.13P : 

Theorem 1.2. Suppose r > 1/2 and u G Q r . Suppose that for some o > the following 
bound holds 

|Kt) || =0{t-°' 2 ) for t^oo. (1.8) 
Let < e < e < 1 be given. Then there exist constants t Q > 1 and C > such that 

||exp(y(l - e)(2<r + l)VjMA^u(t)\\ {L 2 )S < Ct 1 ^ 2 ^ 4 for all t > t . (1.9) 

In particular 

liminf v -^^ > V^TT. (1.10) 

Remarks. 1) For any u G Q r the quantity ||it(t) || (x,2)3 = o(t°) as t — > oo. In particular (jl.8p 
is valid for a = 0. Under some further conditions (partly generic, involving the condition 
J u 0i u jdx 7^ cSij,u = w(0)) it is shown in [Sclj that for some C > 0, C _1 (t) _5//4 < 
ll u (*)ll(i 2 ) 3 — C(t)^ 5 ^. References to many further works on the L 2 decay rate can be 
found in [Sclj . 

2) Our method of proof works more generally, in particular for the class of compressible flows 
given by taking P = I in (11.21) . In this setting we construct an example for which (11.81) - 
(OUj) hold with o- = 5/2 and for which all of the bounds (fi~8|) - (fl~T0|) with a = 5/2 are 
optimal. If P is the Leray projection in (11.21) we do not know if the bounds (11.91) and 
(II.IOP are optimal under the decay condition (11.81) . 

As for the small time regime, we have less complete knowledge. It is a basic fact that for 
all ueg r ,r> 1/2, 

\i m ^pi = oo. (1.11) 

This result is valid for any strong solution to (11.21) defined on an interval I =]0,T] only (i.e. 
I =]0,oo[ is not needed here). This class, S r j, is introduced in Definition 17.11 in a similar 
way as the set of strong global solutions to fll.2[) is introduced in Definition 11.11 For any 
u Q G (H r ) 3 , r > 1/2, there exists a unique strong solution u G S r j with u(0) = uq to the 
equations (11.21) provided that T = |J| is small enough (alternatively, a unique small time 
solution to the initial value problem (jl.ip ). 

One of our main results on small time analyticity bounds is the following (cf. Corollary 
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Theorem 1.3. Suppose Uq G (H r ) 3 for some r g]1/2,3/2[. Let u be the unique small time 
(T = \I\ small) strong solution u G S r j with u(0) = Uq. Let e G]0,2r — 1]. Then there exist 
constants t = t (e,r, ||(y4) r M ||) G]0,T] and C = C(e,r, || (y4) r M ||) > such that 

He^ 31 ^ v^H^t)!^ < ct 1/4+e/4 ~ r/2 for allte}0,t }. (1.12) 

In particular 

l iminf I^tm > v^TTI (1.13) 

Remark. There are several natural questions connected with these results: Are the bounds 
(I1.12p and fll . 13j) optimal for r g]1/2,3/2[? Are there better bounds than those deducible 
from Theorem 11.31 if r > 3/2? Can (11. lip be improved for r = 1/2? (But in this connection 
see the discussion of an example in Subsection 3.4.) 

1.3. Results on stability of the analyticity radius. 

Definition 1.4. For r > 1/2 we denote by 

J r = { Uo G P(H r ) 3 \ 3u G Q r : u(0) = u }, (1.14) 

and we endow X r with the topology from the space P(H r ) 3 . 

Our main result on stability of the region of analyticity of global solutions to fl 1 -2f> is the 
following (from Theorem 17.121 and Lemma 17.131) . 

Theorem 1.5. For all r > 1/2 the set X r is open in P(H r ) 3 . Given uq G T1/2, if X > is 
given so that the corresponding solution u(t) satisfies 

A l ' 2 e x ^ A u{-) G C([0, oof, L 2 ), (1.15) 

then there is a 5 > so that if 5 < 5 and v G P(H 1 ^ 2 ) 3 with ||A 1 / 2 (w — u )\\ < 5 the 
solution v with initial data v is in Qi/ 2 and satisfies 

\\A^ 2 e xViA (v(t) - u(t))\\ < K18, (1.16a) 

t 3/8 \\A 5 / 4 e xVlA (v(t) - u(t))\\ < K 2 5. (1.16b) 

If \\ v o ~ UoWh 1 / 2 < 8 it follows in addition that 

(t)- l/i \\e xVlA (v{t) - u(t))\\ < K 3 5. (1.16c) 

In f ll.l6al) -( ll.l6cl) the constants Ki, K 2 , K3 > depend on X, u, and So but not on S, and all 
bounds are uniform in t > 0. 

We note that the fact that X r is open is a known result. References will be given in 
Subsection 17.31 We also note that indeed for any u G I1/2 the condition fll . 15j) holds for 
some A > 0, cf. (|1.7p . We apply Theorem 11.51 (and some other results of this paper) to 
establish a new stability result for the L 2 norm. This result is presented in Subsection 17.41 

Remark. There is a natural question connected with Theorem 11.51 Is the analyticity radius 
lower semicontinuous in the H 1 ^ 2 topology? More precisely one may conjecture that for any 
fixed Uq G Z1/2 and t > 

liminf rad(t> (£)) > rad(w(t)) in the limit \\v — Uq\\ h i/2 — > 0? (1-17) 

For partial results in this direction see Proposition 17.81 and Corollary 17.101 

We shall use the standard notation (A) := (1 + 1 A) 2 ) 1 / 2 for any real A. For any given interval 
J and Hilbert space Ti the notation BC(J,7i) refers to the set of all bounded continuous 
functions v : J —*ti.. 
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2. Integral equation 

We look at the following (generalized) system of equations in the variables (t,x) G [0, oofxIR 3 . 
The unknown u specifies at each argument a velocity u = u(t,x) G M 3 . The quantity M is 
a fixed real 3 x 3-matrix. Corresponding to (II. ip M = I. The quantity P is an orthogonal 

projection on L 2 (IR 3 ,R 3 ) which is fibered in Fourier space, i.e. (P/)(6) = P{0f(0- Corre- 
sponding to (11. ip P is the Leray projection given by P(6) = I — |6)(6|, 6 : = 6/161; but for 
the most part we will not assume this. 

(| u + (Mu ■ V)u - Au) (t, ■) G Ran(J - P) for t > 
u(t) := u(t, ■) G RanP for t > . (2.1) 

u(0) = u 

Similarly the operator A := y/— A on L 2 (M 3 ,IR 3 ) is fibered in Fourier space as (Af)(^) = 
161/(0- Upon multiplying the first equation by P and integrating we obtain (formally) 

u(t) = e- tA2 u - f e-^~ s)A2 P(Mu(s) ■ V)tt(s) ds. (2.2) 

Conversely, notice (formally) that a solution to (12. 2p with uq G RanP obeys (12. ip . In the 
bulk of this paper we shall study (12. 2p without imposing the condition uq G RanP. See though 
Section [7] for an exception. In fact in Subsection 17.11 we shall study (under some conditions) 
the relationship between (12. ip and (12.21) . For the bulk of this paper this relationship is minor 
although traces are used already in Sections [5] and [61 The reader might prefer to read the 
present section and Subsection 17. II before proceeding to Section [3j 

In this section we consider the Cauchy problem in the form (12.21) using norms based es- 
sentially on Sobolev spaces. Although this material is well known (see [FK1], [FK2], and for 
example [KP], [Le], [PI]) we give a self-contained account so that we can use the specific re- 
sults and methods in our analysis of the spatial analyticity of solutions of (I2.2p in the sections 
following. 

Part of our motivation for studying equations more general than (II .2p is that such a study 
emphasizes what we actually use in our analysis. In particular, besides the case where M = I 
and P is the Leray projection, we will consider the vector Burgers' equation, as an example, 
where M = I and P = I (see Subsections 13.41 and 16.21) . The latter equation has been studied 
in [KL], [JS], [Ga], and elsewhere. 

We define for any r g] — oo, 3/2 [ the homogeneous Sobolev space H r to be the set of / G S' 
such that the Fourier transform / is a measurable function and |6| r /(6) £ L 2 (R|). The 
corresponding norm is H/H^r = ||^4 r /|| where here and henceforth || • || refers to the L 2 -norm. 
For simplicity we shall use the same notation for vectors / G (L 2 ) 3 = L 2 © L 2 © L 2 , viz. 

11/11 = VWTJW+W for / = (A, / 2 , / 3 ) G (L 2 ) 3 . ' 

Let / be an interval of the form / =]0, T] (if T is finite) or / =]0, T[ (if T = oo). The closure 
/ U {0} will be denoted I. Let £ : / — > K and 6 : / — > [0, oof be given continuous functions. 
Let Si, s 2 G [0, 3/2[ be given. We shall consider the class of functions I 3 t — » v(t) G (iP 2 ) 3 
for which the expression e" -C(t) t s le e(t)AA s *v{t) defines an element in BC(I, (L 2 ) 3 ). The set of 
such functions, denoted by <Bf,0,i> 1)S2 , is a Banach space with the norm 

IMb,W 2 := supe-^i sl ||e^^^(i)||. (2.3) 
tei 
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In this section we discuss the case ( = and 6 = only which (upon choosing sj and 
s 2 suitably) corresponds to part of the pioneering work \FK1\ IFK2j . Consequently we omit 
throughout this section the subscripts ( and 9 in the above notation. 

We recall the following class of Sobolev bounds (cf. [RSI (IX. 19)]): 

Lemma 2.1. For all r e]0, 3/2[, / G H r and all g G H 3 / 2 ~ r the product fg G L 2 , and there 
exists a constant C = C(r) > such that 

\\fg\\ <C\\A r f\\\\A 3 '*- r g\\. (2.4) 
Due to Lemma 12.11 we can estimate 

\\A^e-^ A% P{Mu{ S ) ■ V)V(S)\\ < C X {t - S )- 5/8 S - 3/4 || M ||/,3/8,5/4 IMI/,3/8,5/4. (2.5) 

Here we used the spectral theorem to bound ||A 5 / 4 e _ ^ _s ^ 2 \\b(l 2 ) < C(t — s) -5 / 8 and the 
boundedness of P and A 1 ' 4 djA~ 5 ' 4: . 

Motivated by (12.51) let us write the integral equation (12.21) as X = Y + B(X,X) on the 
space B = £>/ iSl>S2 with si = 3/8 and s 2 = 5/4. Abbreviating \v\ = \\v\\i tSuS2 we obtain that 
for all u,v G B 

\B(u,v)\<j\u\\v\; 7 = C lS upt 3/8 / (t - s)- 5 / 8 s" 3/4 da. (2.6) 

tei Jo 

Notice that 7 does not depend on / since C\ is the constant coming from (I2.5P and 

1 = C 1 [ (l-a)- 5 /V 3 / 4 da. (2.7) 
Jo 



2.1. Abstract scheme. We shall study (motivated by (12.6jl ) the equation 

X = Y + B(X,X), (2.8) 

where B is a continuous bilinear operator B x £> — > B on a given Banach space B. Let 7 > 
denote a corresponding bounding constant, 

\B(u,v)\ < y\u\ \v\. (2.9) 

The elementary fixed point theorem applies if there exists R > such that 

\Y\ < R and k := 4rfR < 1. (2.10) 

In fact letting B^ = {X G B\ \X\ < R} for R > the conditions (12.101) assure that B 2 r is 
mapped into itself by the map X — > F(X) := Y + B(X,X) and that k is a corresponding 
contraction constant. (This version of the fixed point theorem is implicitly used in jFI], see 
JP1| Lemma 1].) In particular under the condition (12. 10|) there exists a unique solution to 
(12.81) in B 2 r. Letting X = Y and X n = Y + B{X n _i, X n _i) for n G N this solution can be 
represented as 

X = B- lim X n . (2.11) 

n— >oo 
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2.2. Local solvability in H r and H r , r G [l/2,3/2[. We return to the integral equation 
(I2T21 written as X = Y + B(X, X) in the space B = B I>S1>S2 with si = 3/8 and s 2 = 5/4. We 
need to examine the first term Y(t) = e~ tA2 uo for some "data" uq G (5') 3 . More precisely we 
need to study the condition Y G B. Clearly due to (12. 6ft the requirement ( 12.101) is met if \Y\ 
is sufficiently small. 

Let us first examine the special case Y = e~^ A u G Boo where Boo = £>]o,oo[,si,s 2 - This 
requirement is equivalent to finiteness of the expression 

sup2«/ 2 ( / \uo\ 2A t) 1/2 } (2.12) 

qel V J2<i<\i\<21+ 1 J 

cf. [FU Lemma 8]. Notice that finiteness of (12.121) and (12.31) are equivalent to finiteness of 
these expressions for each of the three components of Uq and v, respectively. For notational 
convenience we shall in the following discussion slightly abuse notation by treating 
scalar-valued function rather than an R 3 -valued function and similarly for the elements in 
Boo. The (finite) expression (12.121) is the norm of uo in the Besov space B 2oo which indeed 
consists of all uq G S' with uq a measurable function and (12.121) finite. In fact the norms (I2.3P 
(with ( = 0, 9 = 0, s\ = 3/8 and s 2 = 5/4) and (12 . 1 2[) are equivalent on the subspace of 
Boo consisting of functions t — > e~ tA2 uo where uq G B\^, henceforth for brevity denoted by 
e~(-) A * B,\ Introducing Bl^ as the set of u G B\ with 

2 q/2 ( [ |M | 2 d^) 1/2 -> for g -> +oo, 

obviously 

^1/2 g ^1/2,0 Q g ni>e>o(if l/ 2 -e + jjX/^y (2 13) 

Let be the subspace of consisting of functions v G i3oo obeying 

t 3/8 \\A 5/4 v(t)\\ -> for t -> 0. (2.14) 

We have the following identification of subspaces in (which is easily proven) 

^ A2 B^J = Blne-^Bl[l (2.15) 

Now returning to a general interval I we introduce the subspace of B, denoted by B°, 
consisting of (vector- valued) functions v obeying (12.141) . 

Proposition 2.2. Suppose Uq G (H 1 ^ 2 ) 3 . Then for any T = \I\ > small enough (so that the 
conditions A2.10\) hold for some R > 0) the integral equation Ii2.8\) has a unique solution in the 
ball B 2 r C B where B = Bi iSliS2 with s\ = 3/8, s 2 = 5/4 and Y{t) = e~ tA uq. This solution 
X G B°nBC(I, (ii 1 / 2 ) 3 ) with X(0) = u . If in addition u G (L 2 ) 3 then X G BC(I, (i/ 1 / 2 ) 3 ). 

Proof. By combining (12.61) and (I2.15P we conclude that the requirements ( I2.10p are met in the 
space B provided that the three components of uq belong to B^^f and that the parameter 
T is taken small enough (to ensure that \Y\ is small). Whence there exists a unique solution 
X G B 2 r. We notice that X is also the unique solution to the fixed point problem in the ball 
B 2R := B° fl B 2 r (if the components of u belong to B\^ and T > is small). 

Using the first inclusion of (I2.13P we obtain in particular a unique small time solution with 
"data" M e (if 1/2 ) 3 in B$ R . By an estimate very similar to (12. 5p we obtain the bound 

\\B(u,v)(t)\\ { ^ 1/2)3 < n\u\ \v\ for t G /. (2.16) 
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Using (gZEg]) we see that in fact B : B° x B° -»• 5(7(7, (ij 1 / 2 ) 3 ) and that the f unc ti on s in 
the range of this map vanish at t = 0. Consequently, the constructed fixed point X G £>° 
for m G (if 1//2 ) 3 belongs to the space BC(I, (H 1 / 2 ) 3 ) and the data X(0) = Wo is attained 
continuously. 

Moreover we have the bound 

\\B(u,v)(t)\\ < Ct 1/4 \u\ \v\ for t G /. (2.17) 

So if in addition u G (£ 2 ) 3 then X G BC(I, {L 2 ) 3 ) with the data X(0) = w attained 
continuously. 

□ 

Remark 2.3. In |FKlt [FK2] spaces B and B° similar to ours are used for treating (11.11) . The 
powers differ from ours: t 3 ^ 8 — > t 1 / 8 and A 5//4 — > A 3 / 4 . These spaces are not suitable for the 
generalized problem (12. ip . 

If the data Uq G (H r ) 3 for r G]l/2, 3/2[ there is a similar result (in fact, as the reader will 
see, proved very similarly). 

We let r = max(r, 5/4) and introduce B = Bi tSltS2 with s\ — f/2 — r/4 — 1/8 and S2 = r. 
We use Lemma [2711 to bound 

\\A 2s2 ^ 2 P(Mu{s) ■ V)v(s)\\ < C\\A s *u{s)\\ \\A S2 v(s)\\, (2.18) 

and we obtain the following analogue of (12.51) by splitting A S2 = j\ 5 / 2 - s 2j\^ 2 -5/2. 

\\A S2 e~^- s ^ A2 P(Mu(s) ■ V)v(s)\\ < C x {t - s )«/2-5/4 s - 2si | u | ^ ^.19) 

Consequently we infer that 

\B(u,v)\ < 7 |u| 7 = C lS upt Sl f (t - s) S2/2 ~ 5/4 s" 2si ds = C 2 T r ' 4 - l ' H . (2.20) 

te/ Jo 

The space B° is now defined to be the space of functions v G B obeying 

t Sl \\A S2 v(t)\\ -> for t -f 0, (2.21) 

cf. (TJUl). 

As for K := e~ ( ' )A2 w indeed Y G B° with 

|y| < Csupt r/4 - 1/8 ||u ||^. = Cr r / 4 - 1 / 8 || Uo ||^ r . (2.22) 
tei 

Here and henceforth we slightly abuse notation by abbreviating (H r ) 3 as H r . Similarly from 
this point on we shall for convenience frequently abbreviate (H r ) 3 as H r and (L 2 ) 3 as L 2 , 
respectively. (Hopefully the interpretation will be obvious in every concrete context.) 

Proposition 2.4. Suppose uq G H r with r g]1/2,3/2[. Let r = max(r, 5/4), si = f/2 — 
r/4 — 1/8 and s 2 = f. For any T = \I\ > small enough (so that the conditions h2. 1 0\) hold 
for some R > 0) the integral equation A2.8\) has a unique solution in the ball B 2 r C B where 
B = B IySlyS2 and Y(t) = e- tA \ ._ This solution X G B° n BC(I,H r ) with X(0) = u . If m 
addition Uq G L 2 then X G BC(I,H r ) (possibly we need at this point to take T > smaller 
ifr G]5/4,3/2[j. 

Proof. Due to (12.201) and the fact that Y G B° indeed there exists a unique solution X G B 2 r 
for T > small enough, and we notice that X is also the unique solution to the fixed point 
problem in the ball B Q m := B° n B 2R . 
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With the convention alluded to above the analogue of (12.161) reads 

\\B(u,v)(t)\\jjr < rj\u\ \v\ for t G J, (2.23) 

and we infer (as before) that B : B° x B° — > BC(I, H r ) and that the functions in the range 
of this map vanish at t = 0. (Note incidently that the constant r\ of f!2.23|) can be chosen 
independently of T but not as a vanishing power of T as in ( 12.201) and (12.221) .) Whence indeed 
X G B° n BC(I, H r ) with X(0) = u . 

Moreover for r g] 1/2, 5/4] we have the bound 

\\B(u,v)(t)\\ < Ct r/2 \u\ \v\ for t G I. (2.24) 

So if r e]l/2,5/4] and in addition u G L 2 then X G BC(I,L 2 ) with the data X(0) = m 
attained continuously. Whence X G BC(I,H r ) for u G i? r . In fact this holds for any 
r g]1/2, 3/2[ (possibly by taking a smaller interval / if r G]5/4, 3/2[). In the case r G]5/4, 3/2[ 
we can obtain the result from the case r = 5/4 by invoking the embedding H r C if 5 / 4 and 
using the representation (12. lip of the solutions with data in H r and if 5 / 4 , respectively. We 
deduce that for data in H r PI ij 5//4 the two constructed solutions, say X\ G B± and X 2 G B2, 
coincide on their common interval of definition Ii n 1%. 

□ 

2.3. Local solvability in H r , r G [5/4, 00 [. In this subsection we shall study local solutions 
in H r for r G [5/4, oof. The method of proof will be similar to that of Subsection 12.21 In 
particular our constructions will be based on the following modification of (12.31) (for simplicity 
we shall use the same notation). 

|M| CAW2 := supe-^^||e^(A) s ^(t)||. (2.25) 
tei 

Again we consider here the case ( = and 6 = only. Let f G [5/4, 3/2 [ be arbitrarily given 
such that r >r. Then the parameters Si and s 2 in ( I2.25P are chosen as follows: 

Sl = f/4 - 1/8 and s 2 = r, (2.26) 

and B = -B/, Sl , S2 is the class of functions I 3 t — > v(t) G H S2 for which the expression 
t Sl (A) S2 v{t) defines an element in BC{I,L 2 ); I =}0,T}. 
To bound B : B x B -> B we let 

f = 5/2-f, (2.27) 
and split (A) S2 = (yl) r (v4) r ~ r . Using again Lemma [2. II we then obtain 

\\(A} S2 e- {t - s)A2 P(Mu(s) ■ V)v(s)\\ < d(T)^ 2 (t - s)-" /2 S - 2s ' \u\ \v\. (2.28) 
Consequently we infer that 

\B(u,v)\ < 7 |m| 7 = C 1 (T) r " /2 supt Sl / (t - s)~ f/ V 2si ds = C 2 (Tf /2 T Sl . (2.29) 

tei Jo 

The space B° is the subclass of v G S obeying 

t Sl || (A) S2 v{t) || -> for t -> 0. (2.30) 

Now suppose m G i/' r . Then clearly F := e~^^ j42 u G £>° with 

|y| < Csup t Sl ||u |U- = CT Sl \\u \\ H r. (2.31) 
tei 

Next letting (as before) B 2R := {X G B| \X\ < 2\Y\} and 5°^ := B° n 5 2i? we conclude 
from (I2.29P and the fact that Y E B° that indeed the contraction condition (I2.10p for the map 
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X — > Y + B(X, X) restricted to either B 2 r or to B® R is valid for any T > small enough. 
Consequently the common fixed point X G B°. Moreover 

\\B(u,v)(t)\\ H r < r](T} f/2 \u\ \v\ for t G /, (2.32) 

and we infer (as before) that B : B° x B° — > BC(I, H r ) and that the functions in the range 
of this map vanish at t = 0. We conclude: 

Proposition 2.5. Suppose uq G i/ r urat/i r G [5/4, oof. Lei f G [5/4, 3/2[ be arbitrarily 
given such that r > r. Let s± and s 2 be given as in \2.26) . For any T = \I\ > small 
enough (so that the conditions 112.10}) hold for some R > 0) the integral equation \2. 8\) has 
a unique solution in the ball B 2 r C B where B = Bi tSltS2 and Y(t) = e~ tA uq. This solution 
X G B° n BC{I, H r ) with X(0) = u . 

Remarks 2.6. 1) Clearly we may take f = r in Proposition 12. 51 if r G [5/4, 3/2[. In that case 
the (small) T-dependence of the bounds ( 12.221) and (I2.2(jp coincides with that of (I2.3ip 
and (12.291) . respectively. 

2) Although there are different spaces involved in Propositions I2.2H2.5I the constructed solu- 
tions coincide on any common interval of definition, cf. the last argument of the proof of 
Proposition 12.41 

2.4. Global solvability in if 1 / 2 and if 1//2 for small data. If the data in H 1 / 2 is small we 
can improve on the conclusion of Proposition 12.21 to obtain a global solution. The proof is 
similar. 

Proposition 2.7. Suppose uq G H 1 ^ 2 . Then the integral equation I12.8\) has a unique solution 
in the ball B 2 r C B where B = Bi <SljS2 with I =]0, <x>[, Si = 3/8, s 2 = 5/4 and Y{t) = e~ tA u 
provided that ||wo||#i/2 is sufficiently small (so that for some R > and with 7 given by \2. 7| ) 
the conditions {EM) hold). This solution X G B° n BC([0, oof, H 1 ' 2 ) with X(0) = u . If in 
addition u G L 2 then X G C([0, oof, H 1/2 ). 

3. Analyticity bounds for small times 

In this section we shall study analyticity properties of the short-time solutions of Proposi- 
tions I2.2H2.5I This will be done by using more general spaces with norms given by (12.31) or 
(I2.25P and modifying the proofs of Section [2J 

3.1. Local analyticity bounds in H r and H r , r G [1/2, 3/2[. In this subsection we specify 
the functions ( and 9 in the norm (12.31) in terms of a parameter A > as 

( = A 2 /4 + (f - r) ln(A) and 6{t) = \Vi; (3.1) 

here f is given as in Proposition [531 (also for r = 1/2). Let Si and s 2 be given as in Proposition 
El and let again / =}0,T}. 

For applications in Subsection 13.31 we shall be concerned below with bounding various 
quantities independently of the parameter A > (rather than just proving Theorem 13.21 
stated below). We shall use the following elementary bound (which follows from the spectral 
theorem) . 

Lemma 3.1. For any a > there exists a constant C > such that for all f G L 2 

sup (\)- a e- x2/A \\(ViA) Q e xVlA e- tA2 f\\ < C\\f\\. (3.2) 

x,t>o 
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Due to (13. 2p we can estimate the following norm of Y = e ^ a2 Uq, Uq G H r . 

\Y\ = n,ej^,s a < CxT r '^\\A r u Q l (3.3) 

where the constant C\ is independent of A > 0. 

Let B° = B® q j a be the space of functions v G B :— B^e t i iSljS2 obeying 

t Sl \\e xV ~ tA A S2 v(t) || -> for t -> 0, (3.4) 

Obviously it follows from (I3.3P that yGi3°ifr>l/2. However this is also true for r = 1/2 
which follows from the same bound and a simple approximation argument (using for instance 
that if 5//4 is dense in H 1 / 2 ). Whence indeed 

Y = e- ( ' )A2 Mo G B° for u G H r , r G [1/2, 3/2[. (3.5) 

We have the following generalization of Propositions 12.21 and 12.41 (abbreviating as before 
the norm on B as | • |). Notice that the solutions of Theorem 13.21 coincide with those of 
Propositions 12.21 and 12.41 for T > small enough, cf. Remark I2.6| [2l 

Theorem 3.2. Let A > and uq G H r with r G [1/2, 3/2[ be given. Let r = max(r, 5/4), s± = 
r/2 — r/4 — 1/8 and S2 = f. For any T = \I\ > small enough (so that the conditions A2.10\) 
hold for some R > 0) the integral equation A2.8\) has a unique solution in the ball B-2R C B 
where B = B^ej i8uaa and Y(t) = e~ tA u . This solution X G B° C B, and it obeys that 

e x V^ A X G BC(I,H r ) with X(0) = u . If in addition u G L 2 then e x V^ A X G BC(I,H r ) 
(possibly we need at this point to take T > smaller if r G]5/4, 3/2[j. 

Proof. First we show that B : B x B — ► B. Using the triangle inequality in Fourier space we 
obtain the following analogue of (12. 18ft : 

\\e x ^ A A 2s2 - 5/2 P(Mu(s) ■ V)v(s) \\ < C\\e x ^ sA A S2 u(s) \\ \\e x ^ sA A S2 v(s) || , (3.6) 

and consequently using that \/t < y/t — s + y/s and Lemma [3. II we obtain, cf. (12.191) . 

\\e xV ~ tA A S2 e- {t - s)A2 P(Mu(s) ■ V)v(s)\\ < C 2 (\) 5/2 - S2 e x2/4 e 2 <(t - s) S2/2 ~ 5/A s- 2si \u\ \v\. (3.7) 

We conclude, cf. (12.201) . that indeed B(u,v) G B with 

\B(u,v)\ < j\u\ \v\; 7 = C 3 (X) 5/2 - r e x2/2 T r/4 - 1/s . (3.8) 

Obviously the same arguments show that B : B° x B° — > B°. In conjunction with (13.51) we 
conclude that the integral equation (I2.8P has a unique solution X in the ball B 2 r provided 
that first R > and then T > are taken small enough, and that this X G B°. 

For the remaining statements of Theorem 13.21 we similarly mimic the proof of Proposition 
12.41 For completeness of presentation let us state the analogues of ( 12. 23ft and ( 12.24p 

\\e xV ~ tA B(u,v)(t)\\^ r < C(X} 5/2 - r e 3x2/i \u\ \v\ for t G /, (3.9) 
and for r G [1/2, 5/4] 

\\e xViA B(u,v)(t)\\ < C(\) 5/2 - 2r e 3x2/ H r/2 \u\ \v\ for t G /. (3.10) 

□ 
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3.2. Local analyticity bounds in H r , r G [5/4, oo[. In this subsection we assume r G 
[5/4, oof and specify the functions ( and 9 in the norm (I2.25P in terms of a parameter A > 
as 

C = A 2 /4 and 6(t) = \Vi. (3.11) 

Let si and s 2 be given as in Proposition 12.51 and let again / =]0, T]. 

Due to Lemma [3.11 we can estimate the following norm of Y — e~^ A Uo, uq G H r . 

\Y\ = \\Y\\ c ,e,i, sl , S2 < Ct^WiAYuol (3.12) 

where the constant C\ is independent of A > 0. 

Let B° = B® eisiS2 be the space of functions v G B :— B^ t gj jSljS2 obeying 

t Sl \\e xVlA (A) S2 v{t)\\ -f for t -> 0, (3.13) 

It follows from f[3TT2|) that Y = e~^ A \ G G B°. 

We have the following generalization of Proposition 12.51 

Theorem 3.3. Let A > and u$ G H r with r G [5/4, oo[ be given. Let f G [5/4, 3/2[ be 
arbitrarily given such that r > r. Let Si and S2 be given as in 112. 26\) . For any T = \I\ > 
small enough (so that the conditions Ii2.10\) hold for some R > 0) the integral equation A2.8\) 
has a unique solution in the ball B 2 r C B where B = B^fij tSUS2 and Y(t) = e~ tA u . This 

solution X eB° CB, and it obeys that e x ^ )A X G BC(I, H r ) with X(0) = u . 
Proof. Mimicking the proof of Proposition 12.51 we obtain 

||e A ^(A) S2 e-( i - s ^ 2 P(Mw(s) • V)v(s)\\ < C 2 (A) f e A2/4 e 2C (t) r " /2 (t - s)- f/ V 2si M (3.14) 
where f is given by (12.271) . Consequently we infer that 

\B(u,v)\ < j\u\ \v\; (3.15) 

7 = C 2 (A) f e A2/2 (T) f/2 supf 1 fit - s)~ p/2 s- 2si ds = C 3 (A) f e A2/2 (T) f/2 T Sl . 

tei Jo 

We conclude from f)3.12p and (13.151) that indeed the contraction condition (I2.10p for the 
map X — ■> Y + B(X, X) on B 2 r (or on B^ R '■= B° D B 2 r) is valid for any T > small enough. 
Moreover 

\\e xViA B(u,v)(t)\\ H r < C(A) f e 3A2/4 (T) r ~/ 2 M \v\ for t G 7, (3.16) 

and we infer (as before) that e Xy /^> A B : B° x B° —>■ BC(I, H r ) and that the functions in the 
range of this map vanish at t — 0. □ 

3.3. Improved local bounds of analyticity radii for r > 1/2. In this subsection we shall 
modify the constructions of Subsections 13. II and 13.21 in that the functions in ( 13.11) and ( 13. lip 
now will be taken with an additional time-dependence. Explicitly we define £ and 9 by (13. ip 
(for the setting of Subsection 13. ip and ( 13.111) (for the setting of Subsection 13.21) but now in 
terms of A taken to have the following explicit time-dependence 



\ = \ ^/t/f; (3.17) 

here A > is an auxiliary parameter (which in the end will play the role of the previous 
parameter A) and T > is the right end point of the interval / (as in Subsection 13.11) . 
The bounds ( 13. 3p . ( 13. 6p . ( 13. 12f) and ( 13.14[) remain true where A = A(s) in ( 13.6f) and similar 
interpretations are needed in ( I3.14p . 
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As for (13. 8p the bounding constant has the form, cf. (13. 7p . 

C 2 supe- c(t) t Sl f (A(t-s)) 5 / 2 - S2 e A2( *- s)/4 e 2C(s) (t-s) S2/2 - 5/4 s- 2si ds. (3.18) 
tei Jo 

Since (A(ti)) Q < (\{t 2 )) a if < h < t 2 < T and a > 0, and 



e -A»(t)/4 e A»<t-.)/4 e A» W /2 = e A 2 W/4 < e A 2 /4 ; ( g lg) 



we obtain 

|B(u,i;)| < 7|w| |v| with 7 = C 3 (A ) 5/2 - r e A ° /4 T r/4 - 1/8 . (3.20a) 

(Notice that the cancellation (13.191) accounts for the "improvement" e A2//2 — > e A o/ 4 compared 
to (Km .) 

As for (13. 9p and (13.101) we obtain similar "improvements" 

\\e 9 ^ A B(u,v)(t)\\ kr < C(X ) 5/2 - r e x "/ 2 \u\ \v\ for t G /, (3.20b) 
and for r G [1/2, 5/4] 

\\e mA B(u,v)(t)\\ < C(X } 5/2 - 2r e x o /2 t r/2 \u\ \v\ for t G /. (3.20c) 
Arguing similarly for the setting of Subsection 13.21 we obtain in this case 

\B{u,v)\ < 7 |«| |v| with 7 = C 3 (A ) f e A o /4 (T) f/2 T Sl , (3.21a) 

and 

\\e mA B(u,v)(t)\\ Hr < C{\vYS /2 {TY /2 \u\ \v\ for t G /. (3.21b) 

Let us now investigate the conditions ( 12.101) with R = \Y\: Due to ( 13.31) and (I3.20aj) it 

suffices to have 

C 4 (A ) 5/2 - r e A o/ 4 T r/2 - 1/4 < 1; C 4 = 4CiC 3 ||A r iio||. (3.22) 
Notice that the constants C\ and C 3 from (I3.3P and (I3.20al) . respectively, are independent of 
Ao, T and uq. Therefore also C4 is independent of Ao and T. 
Now, assuming r G]l/2, 3/2 [, we fix e G]0, 2r — 1]. Taking then 

A = V2r - 1 - e y/\kiT\ (3.23) 

indeed ( I3.22p is valid provided T > is small enough, viz. T <Tq = T(e, r, f, ||A r Mo||). 

Similarly in the setting of Subsection 13.21 (due to ( 13.121) and (13.21al) ) the conditions (12. lOf) 
with R — \Y\ are valid if 

C 4 (A ) f e A o/ 4 (T) f/2 T 2si < 1; C 4 = 4CiC 3 || (A) r u \\. (3.24) 
Fix e g]0, 2f — 1]. Taking then 

A = V2f - 1 - e v/|lnT| (3.25) 

the bound (I3.24p is valid provided T < T = T(e,r, f, || (v4) r u ||) . 
We have (almost) proved: 

Theorem 3.4. i) Suppose Uq G H r for some r e]l/2,3/2[. Put r = max(r, 5/4), Si = 
f/2 — r/4 — 1/8 and s 2 = f, and /ei e g]0, 2r — 1]. There exists T = T(e, r, f, || A r no||) > 
such that for any T g]0,T ] the integral equation A2.8\) has a unique solution in the ball 
B2\y\ ^ B where B = B^gj tSl:S2 has norm A2.3\) with ( and 6 given by A3. A A 3.1 r /\j 
and A3. 23\) . I =]0,T] and Y(t) = e~ tA2 u . This solution X G B°, and it obeys that 
e eA X G BC(J,H r ) with X(0) = u . If in addition u G L 2 and r g]1/2,5/4] then 
e 9A X G BC(I,H r ). 
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Moreover there are bounds 

\\e mA X(t) \\ Ar < CT-^ 2 - 1 / 4 -^ for t G I, (3.26a) 

and assuming in addition u G L? and r e] 1/2, 5/4] 

\\e mA X(t) || < CT- {r/2 - 1/4 - e/4) for t G I. (3.26b) 

The dependence of the constants C and C on uq is through the quantity \\A r Uo\\ and 
through the quantities ||y4 r M || and \\uq\\, respectively. 
ii) Suppose uq G H r for some r G [5/4, oo[. Let f G [5/4, 3/2[ be given such that r > r and let 
e g]0, 2f — 1] . Put s\ = f/4 — 1/8 and S2 = r. There exists T = T(e, r, f, || (A) r -u ||) > 
such that for any T g]0, Tq] the integral equation $2.8\) has a unique solution in the ball 
B2\y\ Q B where B = B^e,i,si,s a has norm $2.25\) with ( and 9 given by /13.11\) . I[3.11\j 
and $3. 25\) . I =]0,T] and Y(t) = e~ tA2 u . This solution X G B° , and it obeys that 
e 6A X G BC(I, H r ) with X(0) = u . 
Moreover 

\\e e{t)A X(t) \\ht < CT-^ 2 " 1 / 4 "^ for t G /. (3.27) 
The dependence of the constant C on uq is through the quantity \\(A) r uo\\. 

Proof. We use the arguments preceeding the theorem to get (unique) solutions. 

As for [I] the bounds (I3.26al) and f|3.26bl) follow from f!3.20bl) and (I3.20cl) . respectively, and 
(13.31) and Lemma \3. II (taking a = there). Notice that the contributions from the non-linear 
term B(X, X) have better bounds. 

As for |n] the bound (I3.27P follows from (13.121) . (13.21bj) and Lemma [37TI (taking again a = 
there). Again the contribution from the non-linear term has a better bound. □ 

By choosing t = T in (I3.26al) - (I3.27I) we obtain: 

Corollary 3.5. Under the conditions of Theorem\3.4\R the solution X obeys 



H eV ^Tr7 vW^x(t)||# r < Cr (r/2-i/4-e/4) j Qr aR f G ] 0; T ], (3.28a) 
and assuming in addition uq G L 2 and r g] 1/2, 5/4] 



\\e V2T ^~ e V^^~ tA X(t)\\ < Cr {r/2 ~ 1/4 - e/4) for all t G]0,T ]. (3.28b) 
Under the conditions of Theorem\3.4\\M the solution X obeys 



|| e v^T^ V^\^ A X(t)\\ H r < cr {f/2 ~ l/4 ~ e/4) for all t G]0,T ]. (3.29) 

Clearly the dependence of the constant C in f!3.28bl) of u G H r can be taken through its 
norm ||(A) r iio||. Moreover, if uq G H r for some r G [5/4, 3/2 [ we can choose f = r in (13.291) . 
Whence in particular we obtain from Corollary 13.51 

Corollary 3.6. Suppose u$ G H r for some r G]l/2,3/2[. Let X be the solution to Ii2.2\) with 
initial data Uq as given in Proposition \2.4\ and let e G]0,2r — 1]. Then there exist constants 
C = C(e,r, ||(A) r u ||) > andT — T(e~r, ||(A) r w ||) > such that 



|| e v^T=i V^\ A X(t)\\ Hr < Co r^ 2 -^ 4 ~ e ^ for allte]0,T }. (3.30) 
In particular, using notation from Subsection \l.l[ for this solution to $2.2]) 

l im in f E^fpM > y^—J. (3.31) 

*->0 y/t\kit\ 
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3.4. Discussion. We are only allowed to put f = r in (13.291) if r G [5/4, 3/2[ due to the 
restriction f < 3/2 of Theorem 13 .41 1111 

One may conjecture that also in the case r > 3/2 the quantities 



|| e ^I=i V^\A X (t)\\ Hr ; e G]0, 2r - 1], (3.32) 

are all finite for t sufficiently small (given that uq G H r ). However the proof for r G [5/4, 3/2 [ 
does not provide any indication. 

On the other hand if Uq is "much smoother", in fact analytic, there is indeed an improve- 
ment. Suppose there exists 9 > such that one of the following conditions holds 

A) In addition to the assumptions of Theorem I3.4I H1 e 6 ° Up G H r (and possibly e e ° Uq G L 2 ). 

B) In addition to the assumptions of Theorem I3.4I HH e 9 ° A un G H r . 

Then we have the following version of Corollary 13 . 51 : With |A] we can in (I3.28aj) replace X(t) 
by e e ° A X(t) (and similarly in (I3.28bj> ). With El we can in (13T29D replace X(t) by e 9 ° A X(t). 



The proof of these statements goes along the same line as the previous ones. Notice that 
we only have to check the previous proofs with 8 — > 9 + 6q in various bounds. In particular 
this replacement is introduced in the construction of Banach spaces. 

Another point to be discussed is the limit r — > 1/2. Clearly the expression y/2r — 1, related 
to (13.321) . vanishes in this limit. One may ask if this kind of behaviour is expected. Clearly 
this question is related to whether Theorem 13.21 should be considered as being "optimal" for 
r = 1/2. There is a partial affirmative answer to the latter given by an example: We shall 
construct a specific (classical) solution to (12.11) for specific M and P such that 

u G BC([0, oof, H r ) and u G H r n Bl% for all r < 1/2, (3.33) 

and for which 

Hm£ adKt)l = ^g (3 34) 

This Uq ^ B^^f and hence u ^ H 1 ^ 2 (note the inclusions (I2.13P ). 

Note, in comparison with ( 13.341) . that by Theorem 13.21 for any uq G H 1 / 2 the corresponding 
solution obeys 

limi^« = oo. (3.35) 



Moreover the theory of Subsections 12.21 and 13.11 can be extended to the case of data u G 
-^2 oo°) a discussion in the beginning of the proof of Proposition 12.21 In particular for 
uq G L 2 fl B\^ (I3.35P remains true for the corresponding solution. In fact the theory 

'1/2 

can be extended to the case uq G BJ provided that % Ui/ 2 is sufficiently small (so that 

(12.1 Op is fulfilled). This leads to the existence of a unique real-analytic global solution, cf. 
Subsection 12.41 However in that case we can only conclude weaker analyticity statements. 
To be specific, if uq G L 2 fl B^^ and ||«o||ni/2 is sufficiently small we can conclude that 



2.oc 



liminf^o (rad(w(t))/v / t) > k for some k > that depends on the (small) norm ||uo||ai/2 . 

We have not calculated this norm for the specific example given below, and consequently we 
do not know whether the example and therefore in particular (I3.34p fit into this extended 
theory. 
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3.4.1. An example. Motivated by [WJZHJJ we use the Hopf-Cole transformation [EvJ and 
obtain a solution of the vector Burgers' equation: If v = v(t,x) is a positive solution to the 
heat equation 

d 

—v = Av; t> 0, (3.36) 

then w := — 21nt> fulfills 

d 

—w + \\Vw\ 2 = Aw. (3.37) 
ot z 

Taking first order partial derivatives in (I3.37H we get 

d 

—djW + (Vw • V)djW = Adjiv; j = 1, 2, 3. (3.38) 

Next take M = I (in fact M can be any invertible real 3 x 3-matrix), P = I and u = Vw 
(or more generally u = M~ 1 Vw) we obtain from (I3.38j) 

d 

—u + (Mu ■ V)w - Am = and u = Pu. (3.39) 
ot 

In particular we have constructed a solution to (12.11) with uq = u(0, •). 



We choose 

v(t,x) = l-(t+ l)- 3 / 2 exp( - Jfjiy). (3.40) 
Clearly (I3.36j) holds. We compute 

Uj(t,x) = djw(t,x) = -(t + l)- 5/2 x j exp( - 4^)/v{t,x), (3.41) 
from which we obtain 

(uvUx) = d jWo (x) = -x,exp( - M!)/fl - exp( - Jif )). (3.42) 



Here the denominator vanishes like |x| 2 /4 at x = 0. Consequently the components of Uq have 
a Coulomb singularity at x = 0. In Fourier space this behaviour corresponds to a decay like 
^|£|- 3 at infinity, cf. fl33D|) stated below. Whence indeed u e L 2 n (B^ \ B^Jf). 
As for the property (13.331) we notice the (continuous) embedding, cf. (12.131) . 

L 2 n B l 2 % C H r for r G [0, l/2[, (3.43) 
which by a scaling argument leads to the bound 

WSWht < CrWff^Wffr^ for / € L 2 n 4 V » and r e [0. V2[- (3.44) 

^2,00 

We note the properties 

u e BC([0,oo[,L 2 ), (3.45) 

ueB([Q,oo[,B^)- (3.46) 

Only (13.461) . or equivalently 

sup \\u(t, -)||oi/2 < 00, (3.47) 

t>0 2 '°° 

needs an elaboration. 

To prove (I3.47P we introduce for k > 1 and j = 1,2,3 the functions 

fj(K,y) = %exp( - Jsp)/(/c-exp( - 

f j (K,y) = 4y j /(k+\y\ 2 ); k = 4(«-1), 
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and notice that 

u j (t,x) = -(t+l)- 1 / 2 f j ((t + lf 2 ,x/Vt+l). 

We pick x with x( s ) = 1 f° r I s I < 1- By a scaling argument (I3.47P will follow from 

the bound 

supllxd • l)/i(«,0IUi/a < oo. (3.48) 

«>i 2 <°° 

The proof of (I3.48P relies on a comparison argument. We notice that 

supHxfl ■!)£•(«,•) Hai/2 <oo, (3.49) 

which may be seen as follows: First we notice the representation of the Fourier transform 

POO 

(/••/,)(/, O C«%.{|£ ■ / S - 3 /2 eX p(_( 4s )- 1 )e-^l 2 M5}. (3.50) 

Jo 

By computing the derivative and then estimating the second exponential < 1 we deduce the 
bound \{Ffj)(K,£)\ < C|£|~ 2 uniformly in k > 1. Using this estimate and the convoluton 
integral representation of the product we obtain that \(F{xfj}){n, £)l ^ C(0~ 2 uniformly in 
K > 1 from which (13.491) follows. 

Due to (I3T49D and fl^T3|) it suffices for fl3T48|) to show 

sup ||x(| • |){/i(«, •) - fj(K, -)}\\ H i < oo. (3.51) 

K>1 

Clearly (I3.5ip follows from the uniform pointwise bounds 

\x(\v\){fj(",v)-fi(K,v)}\<C\y\ and \V ( X (\y\){f 3 (n,y) -/,-(«, y)}) | <C, 

which in turn follow from elementary Taylor expansion. 
We conclude from that indeed 

u e BC([0, oo [, H r ) for r e [0, l/2[. (3.52) 

As for the property (13.341) we claim more generally that 

rad(w(t)) 2 = 6(t + 1) ln(t + 1) for all t > 0. (3.53) 

To see this note that v(t,iy) is zero on the surface \y\ 2 = 6(t + 1) \n(t + 1) and if \y\ 2 < 
(1 - e)6(t + 1) ln(t + 1) then \v{t, x + iy) \ > 1 - (t + l)" 3e/2 . 

4. Analyticity bounds for all times 

In this section we shall study analyticity properties of the global small data solutions of 
Proposition 12.71 

4.1. Global analyticity bounds in H 1 ^ 2 and H 1 ^ 2 for small data. Let us begin this 
subsection by considering r G [1/2, 3/2[ as in Subsection 13. 1[ The contraction condition 
(12.1 Op leads to the following combination of (13.31) and (13.81) 

C 4 (X) 5/2 - r e x2/2 T r/2 - 1/4 < 1; C 4 = 4L7 1 L7 3 ||A r Mo ||- (4.1) 

The constants C\ and C3 from (13.31) and (13.81) . respectively, are independent of A, T and uq 
(but depend on r). 

Obviously (14. ip cannot be fulfilled for T = 00 unless r = 1/2. On the other hand if r = 1/2 
and ||A r iio|| is sufficiently small the condition is fulfilled for T = 00 for A > smaller than 
some critical positive number. This observation leads to the following global analyticity result 
(using again Lemma l3~Tj (13.91) and (I3.10p ): 
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Proposition 4.1. Suppose uq G H 1 / 2 and that the constant C4 = 4C 1 C 3 ||A 1/ ' 2 ^o|| in ( |^.i| ) 
(with r = 1/2) obeys C4 < 1. For Uq 7^ define A > as the solution to the equation 

AdCsWA^uoUX) 2 ^ 2 = 1. 

Ifuo — define A = 00. 

Then the solution X to the integral equation A2.8\) as constructed in Proposition \2. 7| obeys 
the following bounds uniformly in A G [0, A[ and t > 

\\A b '^ tA X{t)\\ < 2C 1 p 1 / 2 Mo ||(A) 3 / 4 e A2 / 4 t- 3 / 8 , (4.2a) 

\\A l ' 2 e^ tA X{t)\\ < c(e A2 / 4 ||^ 1 / 2 w || + (A) 2 e 3A2 / 4 (2C i p 1 / 2 Mo ||) 2 ), (4.2b) 
and if in addition uo G L 2 , 

\\e xVlA X(t)\\ < c(e A2 / 4 || Mo || + (A) 3 / 2 e 3A2 / 4 (2C i p 1 / 2 % ||)V/ 4 ). (4.2c) 

4.2. Improved global analyticity bounds in H 1 / 2 and H 1 / 2 for small data. In this 
subsection we improve on the results of Subsection 14.11 along the line of the method of Sub- 
section Whence we fix w G H 1 ^ 2 and T g]0, 00 [ and define the underlying Banach space 
B in terms of the finite interval / =]0,T] and a time-dependent choice of A (and (13.1 p with 
f — r = 3/4, and the parameters s\ = 3/8 and S2 = 5/4). Explicitly we choose A = X(t) as in 
( 13 . 1 71) to be used in the expression (13.11) (with f — r = 3/4). As in the previous subsection 
we will need the parameter Ao of (13.171) to be smaller than a certain critical positive number 
dictated by the contraction condition (13.221) (with r = 1/2). That is we need 

C 4 (A ) 2 e A o/ 4 < 1; C 4 = 4C 1 C 3 ||A 1 /2 no || ; (4.3) 

here the constants C\ and C 3 from (13.31) and (I3.20aj) . respectively, are (again) independent 
of A, T and uq. (Notice that (14.31) "improves" (14. ip (for r = 1/2) in that the exponent 
A 2 /2 — > Aq/4.) Mimicking the proofs of Theorem 13.41 and Corollary 13.51 we obtain under the 
condition (14.31) the following improvement of Proposition I4.lt 

Theorem 4.2. i) Suppose u G H 1 ^ 2 and that the constant C 4 = 4CiC 3 || ^4 1/,2 w || in M-ty 
obeys C4 < 1. For Uq 7^ define A > as the solution to the equation 

4C 1 C 3 p 1 /V ) ||(A> 2 e A2/4 = 1. (4.4) 

If u o — define A = 00. 

Then the solution X to the integral equation $2. 8\) as constructed in Proposition 2.1 
obeys the following bounds uniformly in A G [0, A[ and t > 

\\A 5 / 4 e XoViA X{t)\\ < 2C 1 p 1 / 2 n ||(A ) 3/4 e A o/ 4 r 3/8 , (4.5a) 
\\AV 2 e XoVlA X(t)\\ < c(e A §/ 4 ||v4 1 / 2 ^ || + (A ) 2 e A2 / 2 (2C i p 1 / 2 n ||) 2 ). (4.5b) 

ii) Suppose in addition that u$ G L 2 . Then 

\\ e x VtA xm < 5(e A o/ 4 || Mo || + (A ) 3/2 e A o/ 2 (2C 1 p 1 / 2 Mo ||)V/ 4 ). (4.5c) 



We will use the following corollary in Subsection 17.31 We omit its proof. 
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Corollary 4.3. Suppose w e H 1 / 2 and that the constant C4 = ACiC^W A 1 / 2 -u || in &4-3\) obeys 
C4 < 1. Suppose liminf^oo || A 1 ' 2 X(t) \\ = where X is the solution to the integral equation 
\2. 8\) as constructed in Proposition \2. 7| Then for any A > 0, as t — > 00 

t 3/8|| A 5/4 e Av^A x(t) || =o(1); (46a) 

pi/V^ A X(t)|| =0(1). (4.6b) 

Remark 4.4. If u £ H 1 / 2 and A > obeys (14.41) then clearly Ay^ is a lower bound of 
rad(X(i)). In particular in the sense of taking the limit ||yl 1 / 2 Mo|| — > we obtain 

liminf rad(xft)) — > ^ uniformly in t > 0. (4.7) 

^/-41n||Al/2 WQ |[Vt -J \ I 

Clearly this statement is weak in the small time regime compared to (13.351) . On the other 
hand, as demonstrated in Section El (14.71) is useful for obtaining further improved bounds of 
the analyticity radius in the large time regime. 

5. Differential inequalities for small global solutions in if 1/2 and H 1/2 

In this section we continue our study of analyticity bounds of global small data solutions in 
H 1 / 2 and H 1 / 2 initiated in the previous section. This study will be continued and completed 
in Section El where some optimal analyticity radius bounds in the large time regime will be 
presented. We impose throughout this section the conditions of Theorem I4.2I H1 Notice that 
a simplified version of the bound (14.5bl) takes the form 

pi/2 e A ^ x ^|| < (7( A ) -2 for all Aq e [0,A[ and t > 0. (5.1) 
Our goal is twofold: 

1) Under an additional decay condition of the quantity ||v4 1//2 X(t) || we shall improve on the 
right hand side of (15.11) in the large time regime. A similar improvement of (I4.5cp will be 
established in terms of decay of the quantity ||X(t)||. 

2) Under an additional decay condition on the quantity ||X(t)|| we shall show decay of the 
quantity \\A 1/2 X(t)\\. 

We think [1] has some independent interest, although more refined bounds will be presented 
in Section El (in particular presumably better bounds on analyticity radii than can be derived 
from the methods presented here). As for [21 our result will be used in Section El 
The analysis is partly inspired by [FT] . jSclj and |OTj . 

5.1. Energy inequality. Partly as a motivation we recall here a version of the energy in- 
equality well-known for a class of solutions to (11.11) . We state it for the function X of Theorem 
I4.2I H1 subject to the further conditions 

u = Pu Q e L 2 and V ■ (MX(t)) = for all t > 0. (5.2) 

Notice that the second condition of (15.21) is fulfilled for the problem (11.11) . Using Theorem 
H~2l (12.11) and (I5.2p we can derive 

A||x(t)|| 2 = ~2\\AX(t)\\ 2 + 2(X(t), (MX{t) ■ V)X(t)) = -2\\AX(t)\\ 2 for all t > 0. (5.3) 

We refer the reader to Subsection 17.11 for a discussion relevant for this derivation. (Actually 
a more general result than (I5.3P is stated in Corollary 17.71 in Subsection I7.2L ) We obtain by 
integrating (15.31) 

\\X(t)\\ 2 =\\u \\ 2 -2 [ \\AX(s)\\ 2 ds for alU > 0. (5.4) 
Jo 
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In particular the energy inequality ||X(t)|| 2 < ||wo|| 2 holds. Clearly this bound improves the 
bound \\X(t)\\ = 0{t 1 / 4 ) of fTOc]) at infinity. 

We notice that for the problem (11.11) and under the above conditions it can be proven that 
the quantity ||X(£)|| = o(t°) as t — > oo. Under some further (partly generic) conditions it is 
shown in [3EQ that \\X{t)\\ = 0(r 5 / 4 ) while \\X{t)\\ ^ o(r 5 / 4 ). 

5.2. Differential inequalities for exponentially weighted Sobolev norms. Under the 
conditions of Theorem I4.2I H1 introduce for r > and Ao G]0, A[ the quantities 

J r {t) = \\A r X{t)\\ 2 and G r {t) = \\A r e XoViA X(t)\\ 2 for t > 0. (5.5) 

We are mainly interested in these quantities for r = 1/2 and r = 0. Any consideration for 
r G [0, l/2[ will involve the additional requirement Uq G L 2 . Under the additional conditions 
(15.21) we have, due to the previous subsection, the a priori bound Jo(t) = 0{t~ a ) with a = 
for t — > oo however in the following we do not assume (15.21) . 

Lemma 5.1. For all k > and Ao G]0, A[ there exists K = K(k, Ao) > such that 

f t G 1/2 (t) < -Kr l G l/2 {t) + Kr l J l/2 (t) for all t > 0. (5.6) 

Proof. We compute 

&G 1/2 {t) = -2G 3/2 (t) + Xot-^G^t) + R(t); (5.7) 

R(t) = 2(A 1 / 2 e XoV ~ tA X(t),A 1 / 2 e XoV ~ tA P(MX(t) ■ V)X(t)). 

By using the Cauchy-Schwarz inequality and Lemma [2. II we are led to the bounds 

R{t) < 2G 1 (t) 1/2 CG 1 (t) 1/2 G 3/2 (t) 1/2 < G 3/2 {t) + C 2 G!(t) 2 for all t > 0. (5.8) 

Now, pick any Ai G]Ao, A[. We can estimate the second term on the right hand side of (I5.8P 
by first using the Cauchy-Schwarz inequality and (15.11) (with A — > Ai) to obtain 

Gi(t) 2 < G 3/2 (t)G 1/2 (t) < s ^^ Gl/2M (t)G 1/2 (t) < Ct-'G^it); (5.9) 

C = C(X )C(X)- 2 . 

Clearly (Q-Q) lead to 

&G 1/2 (t) < -G 3/2 (t) + Xot-^G^t) + C 2 Cr x G 1/2 (t). (5.10) 

Next we insert = nt^Gy^t) - Kt' 1 J 1/2 (t) - nt- 1 G 1/2 (t) + Kr 1 J x /%[t) on the right hand 
side of (I5.10p . We need to examine the condition 

- G 3/2 (t) + Xot-^dit) + (k + C 2 C)r 1 G l/2 (t) - Kr l J 1/2 {t) < 0. (5.11) 

By the spectral theorem the bound ( 15. lip will follow from 

- x 3 e 2XoX + X x 2 e 2XoX + (k + C 2 C)xe 2X ° x < Kx for all x > 0. (5.12) 

The estimate (15.121) is obviously fulfilled for some K = K(n, Ao) > 0. □ 

Corollary 5.2. i) For all k > and Ao G]0, A[ there exists K = K(k, Ao) > such that 

G 1/2 (t) < Kt~ K [ s^ 1 J 1/2 (s) ds for all t > 0. (5.13) 
Jo 

ii) Suppose that for some o > -1/2 the bound J 1/2 (t) = O^-*- 1 ' 2 ) j 'or t -> oo holds. Then 
J r {t) = 0{t-°- r ) and G r {t) = 0{t- u - r ) for all r > 1/2. 
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Hi) Suppose the conditions of Theorem 4-2\M and that for some a > — 1/2 the bound Jo(t) = 

0(t- a ) holds. Then J r (t) = 0(r CT - r ) and G r (t) = 0(r a ~ r ) for all r > 0. 
iv) Suppose the conditions of Theorem \4-2\ \M and Jo(t) = 0(1). Then Go(t) = o(l). 

Proof. As for [I] notice that t K is an integrating factor for (I5.6p . 

For |n] we choose k > 1/2 + a in the bound (15 . 131) yielding the bound Gi/ 2 (t) = 0{t^ u ^ 1 ^ 2 ). 
Whence also G r {t) = 0{t~ rj - r ) for all r > 1/2 (here we used the quantity Gi/ 2 ,Ai(f) of (JESD). 
In particular J r (t) = 0(t~ a ~ r ) for all r > 1/2. 

For lull we first prove that G\/ 2 (t) = 0{tr (I ^ 1 l 2 \ By the Cauchy-Schwarz inequality 

J1/2W < supa^V^ J W 1/2 G 1/2 (t) 1/2 < ^r t KJ (t) + G 1/2 (t)/K. (5.14) 

x>0 ov 

In combination with (15. 6p this estimate leads to 

&G 1/2 (t) < -(k - l)r l G l/2 {t) + C7(«, A )r 3/2 J (t); C(k, A ) = i^ 2 g. (5.15) 

By choosing k > 2 + a in (15. 151) we deduce the following analogue of (15.131) where K : = 
C(k, Aq) and k := K — 1 



Jo 



G 1/2 (t) < Kt K / s K - d/ V (s) ds for all t > 0. (5.16) 

It follows from flgjg} that indeed Gi /2 (t) = ©(t-^- 1 / 2 ). 

To complete the proof of [m]it suffices to show that Go(t) = 0(t~ a ). Split 

G (t) = ||l [0)1[ (Vt^)e A ^ A X(i)|| 2 + ||l [ljOo[ (^)e A ^ A X(i)|| 2 . 

The first term bounded by e 2A ° Jo(t) = 0(t~ a ). The second term is bounded by 

\\(VtA) 1/2 e XoVlA X(t)\\ 2 = t 1/2 G 1/2 (t) = tWOlr'-V 2 ) = 0(r CT ). 

To prove [Ty] we use the integral equation (1 2 . 2 p in the form X = Y + B(X,X) where 
Y(t) = e~ tA Uq. The decay of the first term is clear. For the nonlinear term we split the 
integral from to t into an integral from to T and another from T to t. Using the bound 
on G5/4 from [ml in the second integral we obtain a term which is 0(T~ 1//4 ) while the first 
integral is given by e~ ( - t ~ T " >A2 g(T) for some g(T) G L? and is thus o(l). □ 

Remark. In studying the types of inequalities proved in Corollary 15.21 we were motivated 
by [OT] . However the main theorem in that paper is stated incorrectly and the proof given 
there is also incorrect. 

For completeness of presentation we end this section by giving another proof of Corollary 
I5.2lliiil Although the proof goes along similar lines it is somewhat more direct. 

Theorem 5.3. Suppose that uq E H 1 / 2 . For all k > and A G]0, A[ there exists K = 
K(k, Ao) > such that 

&G Q (t) < -Kr x G {t) + Kt^Joit) for all t > 0. (5.17) 

Whence 



G (t) < Kr K [ s"" 1 J (s) ds for all t > 0. (5.1? 
Jo 



In particular if for some o > —1/2 the bound Jo(t) = 0(t~ cr ) holds, then Go(t) = 0(t~ a ) 
and whence, more generally, J r (t) = 0(t~ a ~ r ) and G r (t) = 0{t~ a ~ r ) for all r > 0. 
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Proof. We compute 

±G (t) = -2G 1 (t) + X t- 1/2 G 1/2 (t) + R(t), (5.19) 

where 

R(t) < 2G (t) 1/2 CG 1 (t) 1 / 2 G 3/2 (t) 1/2 < Gx(t) + C 2 G (t)G 3/2 (t). (5.20) 

In particular, due to the estimate G 3 / 2 (t) = G 3 /2 ; \ (t) < C(Ai — \o)t~ 1 Gi/2 i \ 1 (t), Ai £]A , A[, 
and (15.ip applied to Gi/2,\ 1 (t), 

R{t) < Gi(t) + Cr l G (t). (5.21) 

To obtain (15371) we insert = nt^G^t) - Kr 1 J (t) - nr l G (t) + Kt~ x J {t) on the right 
hand side of ( 15. 19ft . and due to (15.21ft we need only to examine the condition 

- Gi(t) + X t' 1/2 G 1/2 (t) + Ct^Goit) + Kr l G {t) - Kr x J Q {t) < 0. (5.22) 

By the spectral theorem the bound ( 15.22ft will follow from 

- x 2 e 2XoX + X xe 2X ° x + + C)e 2X ° x < K for all x > 0, (5.23) 

which in turn obviously is valid for some K = K(k, Whence we have shown H5. 17ft . 

The remaining statements are immediate consequences of (15.1 7ft . cf. the proof of Corollary 
E3 □ 



6. Optimal rate of growth of analyticity radii 

We shall combine Subsections 14.21 and 15.21 to obtain improved analyticity radius bounds of 
global solutions with small data in if 1//2 or H 1 ^ 2 in the large time regime. An example shows 
that our bounds are optimal. 

6.1. Optimizing bounds of analyticity radii for large times. Suppose the conditions 
of Theorem and that for some a > -1/2 the bound WA^X^W = 0(r( 2a+1 )/ 4 ) for 
t — > oo holds. We shall then apply Theorem 14.21 to u — > X(T) and X — ► ut, where Ut(t) := 
X(t + T); here T > is an auxiliary variable that in the end will be large (proportional to 
the time t = r + T). Notice that X(T) £ H 1 ^ 2 (since we have assumed that uq £ H 1 ^ 2 ), 
and that ut is the unique small solution to the integral equation (12. 8p with data X(T), cf. 
Proposition 12.71 The fact that here indeed ut is a solution to (12.81) requires an argument not 
given here. (We refer the reader to Subsection 17.11 for a thorough discussion of related issues 
m a different setting.) Since T~( 2a+1 ^ 4 -> for T — > oo we obtain for the critical value, 
A = A(T) of (H3D, that A -> oo for T -> oo. In fact 

liminf A/v/lnTT) > {2a + 1) 1/2 . 

T — >oo 

Consequently for any eo £]0, 1[, Ao := a/ (2a + 1)(1 — eo) ln(T) is a legitimate choice in Theo- 
rem H72] with uq — > X(T) provided T is large enough. We shall use this observation to prove 
the following main result. 

Theorem 6.1. Suppose the conditions of Theorem \4.2^ i.e. Uq £ H l l 2 and that the constant 
4CiC3||A 1 / 2 m || < 1. Let X denote the corresponding solution to the integral equation Ii2.8\) . 
We have: 

i) Suppose that for some a > —1/2 the following bound holds 

\\A^ 2 X(t)\\ = 0(r (2ff+1)/4 ) for t -> oo. (6.1) 
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Let < e < e < 1 be given. Then there exist constants to > 1 and C > such that 

||A 1/2 exp(y(l - e)(2<r + l)VtMA^X{t)\\ < Cr ?(2CT+1)/4 for all t > t . (6.2) 
ii) Suppose uq G L? , and that for some a > —1/2 the following bound holds 

\\X(t)\\ =0{t- u/2 ) fort -> oo. (6.3) 

Then W. 1\) holds (and therefore in particular the conclusion o/[|). 
Let < e < e < 1 be given. Then there exist constants to > 1 and C > sitc/i that 

||exp(V(l - e)(2o- + TjVtkUA\X(t)\\ < Ct 1/4 - i{2<7+1)/ * for all t > t . (6.4) 

In particular 

lim in f > v^TT. (6.5) 

Proof. We prove first [3 So fix < e < e < 1. To make contact to the discussion at the 
beginning of this subsection let us then choose eo e]e, e[. We introduce in addition to the 
variable T a "new time" r and a parameter n by the relations 

t = r + T=(n + 1)T; T > T . (6.6) 

We will let the parameters n and To be chosen large. First we fix n by the condition 

n(l-e )>(n + l)(l-e). (6.7) 

As noted at the beginning of this subsection we are allowed to choose 

A = v / (2a+l)(l-e ) ln(T) (6.8) 

in Theorem 14.21 with -u ~~ ^ X(T) provided T > T for some large T > 0. We do that, and 
estimate using (16.61) and (16.71) 

A 0V ^ = V(2° + W- ~ eo) Ht/(n + l))y/tn/{n + 1) 

> ^/{2a+ 1)(1 -e) \n(t)Vi; for all t > t Q := (n + 1)T for a T > 0. (6.9) 

Here T > possibly needs to be chosen larger than before. Now fix such a T . Whence also 
to is fixed, and with this value of to indeed the left hand side of (16.21) is finite for all t > to- 
The bound (16. 2p follows then from (14.5bj) . We have proved [3 

As for [n], the first statement is a consequence of Corollary l5.2|[iTTl The second statement 
follows from the proof of Q and (14.5c[) . □ 

6.2. Example. For the example presented in Subsection 13.41 we have the conditions of Theo- 
rem EHE] fulfilled after a translation in time of the given solution u; i.e. by replacing u —* Uf 
for a sufficiently large T > 0. This is with a = 5/2. The estimate ( 16. 5ft is sharp by ( 13.531) . 
Similarly the more precise bounds ( 16.40 are sharp. More precisely the power of t on the right 
of (16. 4p cannot be improved for any e g]0, 1[ since indeed the estimate is false with e — e. 
This follows readily from an examination of the analytic extension of (I3.4ip . Likewise (16. 2p 
is sharp in the same sense. This can be seen by using the optimality of (16.41) discussed above 
and an argument similar to the one presented at the end of the proof of Corollary I5.2lliiil 

7. Global solutions for arbitrary data 

In this section we shall discuss strong solutions and in particular strong global solutions 
without assuming the i7 1//2 -smallness condition of Subsection 12.41 
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7.1. Strong solutions. Dealing with global large data solutions we need first to define a 
notion of global solutions without referring directly to the fixed point equation (12. 8p (since 
the fixed point condition (12.101) now may fail). The definition needs to be based directly on 
(12.11) . So we introduce (the equations written slightly differently): 

(f w + P{Mu ■ V)u - An) (t, •) = for t G I 
u(t) := u(t, ■) G RanP for t G I 

As in Subsection 12.11 1 is an interval of the form ]0,T] or of the form I =]0, oo[. We shall 
introduce a notion of strong solution to (17.11) . The solutions with I =]0, oo[ will be called 
strong global solutions. For that purpose we need the spaces appearing in Proposition 12 .21 
For simplicity we shall restrict our discussion to the H r setting (leaving out the H r setting 
with r G [1/2, 3/2[). 

So let B = B r 3/8,5/4 and B° C B be the spaces as specified in the beginning of Section [2] 
(constructed in terms of an arbitrarily given interval J). 

Definition 7.1. Let r > 1/2. For I =]0, T] we say that u G C(I,H r ) is a strong solution to 
the problem (17. ip if the following conditions hold: 

(1) u(t) G PH r for all t G I, 

(2) u G B°, 

(3) u G C fl (i',«S'(R 3 )) and 

±u = -A 2 u - P(Mu ■ V)u; t G I. (7.2) 

Here the differentiability in t is meant in the weak* topology and in (17.21) is meant in the 
sense of distributions. The class of such functions is denoted by S r j. For I =]0, oof we define 
Q r to be the subset of C(I, H r ) consisting of w's such that lju G S r j for all intervals of the 

form I =]0, T], and we refer to any u G Q r as a strong global solution to the problem (17. ip 
with I =]0, oof. 

Remarks 7.2. 1) Obviously the condition [2] is redundant if r > 5/4. 

2) For any strong solution u on I the first term on the right hand side of (17. 2p is an element 
of C(I,H r ~ 2 ) while the second term is an element of C(I,L 2 ), cf. (12. 6p . Consequently 
u G C 1 (7,i7 min ('- 2 ' )). 

3) For any u G <S ri / 

Ji (e-(*-*M 2 u ( s )) = -e- {t - s)A2 P(Mu{s) ■ V)it(s) for all < s < t G /, 

and consequently (by integration) the integral equation (12.21) with uq = u(0) holds for all 
tel. In fact it follows that X = u is a solution to (1278]) in B° (with Y(t) = e~ tA2 u ). 
Due to the uniqueness statement of Proposition 12.21 it follows that u coincides with the 
function X of Proposition 12.21 on a sufficiently small interval I =]0, T]. As a consequence 
similarly if r g]1/2,3/2[ or r G [5/4, oof, u coincides on a sufficiently small interval with 
the function X of Propositions 12.41 or 12.51 respectively. 

4) Conversely, the solutions X of Propositions 12.21 and 12.71 with data Uq = Puq G H 1 / 2 are 
indeed solutions in the sense of Definitions 17.11 (with r = 1/2 and on the same interval 
I) . Similarly it is readily verified that the solution X of Propositions 12.41 or 12.51 with data 
Mo = Puq G H r for r G]l/2, 3/2 [ or r G [5/4, oof, respectively, is a solution in the sense of 
Definition 17.11 (with the same r and 7). 
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5) The class S r j is right translation invariant, i.e. if u G S r j and to £]0, T[ (where T is the 
right end point of I) then u to (-) := u(- + t ) G S r j ; Iq :=]0, oo[n(l — {to})- In particular 
Q T is right translation invariant (u G Q r => u to G Q r for any t > 0). 

6) With the modification of Definitions 17.11 given by omitting [IJ the previous discussion, 
[TH5J is still appropriate (possibly slightly modified). Notice that we did not impose the 
condition [1] (viewed as a condition on the data) in the bulk of the paper. 

Strong solutions to the same initial value problem are unique: 

Proposition 7.3. Suppose u\ G <S r i,ii an d u 2 G S r2 j 2 obey wi(0) = w 2 (0) = uo for some 
u G PH ri n PH r \ Then u x = u 2 on h n h- 

Proof. This is a standard argument for ODE's. We can assume that T\ = r 2 and I :— I\ — I 2 . 
Suppose U\ 7^ u 2 on /. Then let 

t = inf{t G I|ui(t) ^ u 2 (*)}. 

Clearly t G I, and by continuity t < T and Wi(to) — w 2 (to)- D ue to Remark l7.2| [5l we can 
assume that t Q = 0. Due to Remark 17721 131 it follows that U\{t) = u 2 {t) for all t G / =]0, T] for 
some sufficiently small T > 0. This is a contradiction. 

□ 

7.2. Sobolev and analyticity bounds for bounded intervals. In this subsection we 
show that strong solutions are smooth, in fact real analytic, in the x-variable. 

Proposition 7.4. Let r > 1/2 and < T < T < oo be given. Let u G S r j where I = 
]0,T], and denote by \u\ the norm \u\ = \\u\\b- There exist 5 = 8(Tq,\u\) > and C = 
C(To,T, \u\,swp teI \\u(t)\\ H i/2) > such that 

\\e SA u(t) \\ H i/2 < C for allte [T ,T\. (7.3) 
Proof. For all u G B and f g]0, T[ 

sup ||A 5 / 4 M (t)|| i2 <f- 3 / 8 H. (7.4) 

te[T,T] 

For any given u G «S r! j we shall obtain an analyticity bound for the restriction of u to 
]to — e, t ] for t G [T , T] and for suitable e g]0, T [. For that we shall apply the procedure of 
the proof of Theorem 13.21 to the strong solution u to>e '■— u(- + 1 — e) on the interval =]0, e]. 
The application will be with A = 1 and r = 1/2 in the definitions of ( and 9 (given in (13. ip ) 
and for e > small, and the underlying Banach space will be B = S^,/,, 3/8,5/4- Indeed 
for e > taken small enough the conditions (I2.10p hold for some R > that can be taken 
independent of T and to Po, T], cf. (I3.8p . Notice here that by Lemma [3.11 (with a = and 
/ = A 5 / 4 u(t - e)) and (JZ3D 

\e-^ A2 u(t - e)\ B < C^WA^uito - e)\\ L , < C^/\To - e)-^\u\. (7.5) 

So we can choose R in (I2.10p to be equal to the constant on the right hand side of (17.51) . and 
indeed the conditions (I2.10p are fulfilled for all sufficiently small e > 0, cf. (I3.8p . Fix any 
such e > and let 5 = i/e. Then we invoke (13.91) and (13.101) with u = v = Ut Q)t and with time 
t = e as well as Lemma [3TT1 (with a = 0, / = (A) 1 / 2 'u(t — e) and also applied for t = e). 

□ 

In combination with Theorems 13.21 and 13.31 we obtain: 
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Corollary 7.5. Let r > 1/2, < T < oo and u G S r j be given; I :=]0,T]. Let w — u(0). 
There exist S = S(u,r) > and C = C(u,T,r) > such that 

\\e miniVi ' s)A u(t)\\ H i /2 < C for all t G /. (7.6) 

In particular, for all f > 1/2 and with C = C max x > x r ~ 1 ^ 2 e~ x 

\\A%{t)\\ L 2 < Cmin{Vt,5)- {f - 1/2) for all t G /. (7.7) 

If r > 1/2 the dependence of S and C on u can be chosen to be through \u\ and \\Uq\\h t and 
through \u\, sup tg/ ||«(t)|| H i/2 an d \\uo\\ht, respectively. 
For all k G N U {0} and for all f > 1/2 

ueC k (I,H f ). (7.8) 

Writing u(t)(x) = u(t,x), 

u G C°°{I x M 3 ). (7.9) 

Proof. We apply Theorems 13.21 and 13.31 with A = 1. There exist T g]0,T[ and C > such 
that 

ll eV ^WII//i/2 < C for all t G]0,T ]. (7.10) 

These constants are for r = 1/2 chosen in agreement with an approximation property of uq. 
This is not the case for r > 1/2 where the bounds (13. 3p and (13.121) can be used directly to get 
the appropriate smallness in terms of the quantities ||wo||i? r and r. We shall use Proposition 
17.41 with the T from (I7.10p . Whence for r > 1/2 we apply Proposition 17.41 with T chosen 
as a function of the quantities 1 1 ito 1 1 and r. For r = 1/2 we apply Proposition 17.41 with T 
depending on u through uq. 

As for ( 17.81) with k = we apply ( 17.7ft in combination with Propositions 12.51 and 17.31 (notice 
that we can assume that f > 5/4 from the very definition of S r j). The statement (17. 8p with 
arbitrary k > 1 follows inductively by repeated differentiation of (17.21) . 

The statement (17. 9p follows from (17. 8p and the Sobolev embedding theorem. 

□ 

Remark 7.6. For r > 1/2 the Sobolev bounds (17.71) can be improved in the short time 
regime due to Theorems 13.21 and 13.31 For any given f > r the quantity has a bound of the 
form Ct~^~ T)/2 for small t > 0. 

The energy inequality was studied under certain conditions in Subsection 15.11 We can now 
prove it more generally: 

Corollary 7.7. Let r > 1/2, an interval I =]0, T] and u G S r j be given. Let uq = u(0). 
Suppose in addition the condition 

V • (Mit(t)) = for all tel. (7.11) 

Then 

\\u(t)\\ 2 = \\u \\ 2 - 2 I \\Au(s)\\ 2 ds for all tel. (7.12) 
Jo 

In particular \\u(t)\\ < ||«o|| for all tel. 

Proof. Due to (17.71) (applied for the first identity with f = 3/2 in combination with Remark 
17T2112]) and fl7TTTp the computation 

±\\u(t)\\ 2 = -2\\Au(t)\\ 2 + 2(u(t),(Mu(t) ■ V)u(t)) = -2\\Au(t)\\ 2 for all t G I, (7.13) 
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is legitimate. By integration of (IT. 13j) we obtain (j7.12p . Note incidentally that ||Au(s)|| 2 = 
0(s -1 / 2 ), due to (17.71) . yielding an independent proof of the convergence of the integral in 

□ 

7.3. Global analyticity stability. We shall study the set of data for which we have global 
solutions. There are several works (for example [PRSTj . [GIPT] . [GTP2] . jXDTj . [FO] . [Zhj ) 
which study the stability of solutions to the Navier-Stokes equations. Perhaps the first result 
is |PRSTj but there are many further results for different spaces. In particular the fact that 
X r defined below is an open set in our setting is a known result ( |GIPlj . |GIP2j . |ADTj ). 
Although we give the openness result we concentrate particularly on the stability of the 
region of analyticity and corresponding estimates. 

We shall prove two stability results. The first is for bounded intervals only, however it is 
used in the proof of our second (global) stability result (and besides it has some independent 
interest, see for example Corollary 17. lOj) : 

Proposition 7.8. Let I be an interval of the form I =}0,T], and let 9 : I —* [0,oo[ be a 
continuous function obeying the following estimate for some A > 0: 

9{s + t) < X^s + 9(t) for s,t,s + tel. (7.14) 

Suppose u G S\/2j obeys 

/Wf-jGCfU 2 ). (7.15) 
Let uq = u(0). There exists 5q > such that: 

i) IfS< 5 , v G PH 1 ' 2 and \\A 1 / 2 e e ^ A (v - u )\\ < 5 it follows that there exists v G S 1/2 ,i 
with v(0) = vq obeying 

\\A 1/2 e mA (v(t) - u(t))\\ < Kx5, (7.16a) 
t 3/8\\ A 5/* e m A (v(t) - u(t))\\ < K 2 5. (7.16b) 

ii) If S < 5 ,v E PH 1 / 2 and ||e 6, ^°^(u — Mo)||^i/2 < 5 it follows in addition that 

\\e $ ® A (v(t) -u(t))\\ < K 3 5. (7.16c) 

In (I7.16ap (IT. 16cj) the constants Ki, K 2 , K 3 > depend on 9, u, T and So but not on 5, and 
all bounds are uniform in t G / . 



In the proof we will use norms of the form 
\w 



sup s 3 / 8 \\A 5 ^ s+ ^ A w(s)\\; s > 0, t G [0,T[. (7.17) 

0<s<min(s ,T-to) 



Mimicking Subsection 13.11 thus with ((s) = 1 and 9(s) — > 9(s + t ) we find 

\B(w 1 ,w 2 )\ S0 ,t < IxMsoto ■ l^2| S0 ,t , (7.18a) 

\\ A ^ e e(s + t 0) A B{w ^ W2)m < 7A | Wl | so!to . | W2 | so!to> (7.i 8b ) 

\\e e ^ A B( Wl ,w 2 ){s)\\ < S 1/4 7 Aki| So ,to • l^2|.o,to- (7.18c) 
Here 7a = dc\ where d is independent of A, so, to and T and 



c x := sup (x) 5/4 e Xx e~ x 

x>0 



We will need the following lemma: 
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Lemma 7.9. Suppose 9 and u G «Si/2,j are given as in Proposition 7.8, Let e G ]0, (27^) 1 [ 
be given. Then there is an s G]0, 1[, s = s (e,9,u), so that 

W G [0,T[ Vs G]0,min(so,r-t )] : (7.19) 

2s 3 / 8 \\A 5 ^ s+t ^ A e- sA2 u(t )\\ <e and s 3 / 8 \\A 5 V s+t ^ A u(s + *o)|| < e. 

Proof. Using 0(s + £ ) < A-y/s + 0(io) and the spectral theorem we have for any N > 

s 3/8p5/ V (s+t )A e - S A^ (to) || 

< ||(V^4) 3 / 4 e A ^e-^ 2 || • Wl^^A^e^Mto)]] 
+ s 3/8|| e A^ e - s ^|| . \\ A yH m] (A)AV\ d M A u(to)\\ 

< c x \\l [NM (A)A^ 2 e B ^ A u(to)\\ +c x s^N^\\A 1 / 2 e e ^ A u(t )\\. (7.20) 

Since the map I 3 to — ► y4 1//2 e 9 ^°- )j4 u(to) is continuous, it maps into a compact set on which 
1[at,oo[(A) — *■ uniformly as iV — * 00. We then fix N so that the first term of (I7.20p is less than 
e/4 for all to G J. Once N is fixed we can choose so G]0, 1[ so that the second term in (17.201) is 
less than e/4 for s G [0, s }. We have proved the first estimate of (17.191) . |e~^ A u(t )\ SOito < e/2. 

To show the second estimate of (I7.19P we go back to the integral equation (12.21) and use 
u(to) as initial data following the scheme of Subsection 12.11 (with R = e/2). We use the first 
estimate in combination with (17.18aj) . By uniqueness the constructed fixed point w = u to 
where lH (s) = u(s + t ). □ 

Proof of Proposition \7~8] We now choose e = (37a) -1 and so in accordance with Lemma [7.91 
We can assume that mo := T/so G N. We build the solution v in the interval I by constructing 
it in a series of intervals [(m — 1)sq, mso], m = 1, 2, ... , m®. We assume inductively we have 
constructed v(t) in the interval < t < ms (with m < m — 1) and that we have the estimate 

\\A 1/2 e mA (v(t) - u(t))\\ < (2c x ) m 6 (7.21) 

in this interval (this is true for m = 0). Let t = ms and u to (s) = u(s + 1 ). Consider the 
map 

F(w)(s) := e- sA \v{t ) - u{t Q )) +B(w,u to )(s) + B{u to ,w){s) +B{w,w){s). (7.22) 
We have 

\F(w)\ S0!tQ < c x (2c x ) m 5 + 27 A |w| S0ito • |M to | SO)to + l\\w\ 2 SOjto , (7.23a) 

\F(wx) - F(w 2 )\ S0 ,t < ^x(2\u to \ SoA) + |wi| SO)to + \w 2 \ S0 ,t o ) ■ \wx - w 2 \ So ,t - (7.23b) 

Then a simple computation shows F : B 2 r — > B 2 r is a strict contraction if R = c\{2c\) m 5 
and S < 5o where So > is chosen small enough. If the fixed point is denoted by w, we define 
v(t) = u(t) + w(t — t ) for t G [mso, (m + l)s ]. The bound (I7.2ip with m m + 1 in the 
interval [mso, (m + 1)sq] follows from w = F(w) and the estimate (I7.18bl) . This completes 
the induction and gives (I7.2ip with m = mo for t G /. We have constructed a solution 
v obeying (17.16aj) . From the very construction we have partly shown (17. 16b|) . however our 
bounds are somewhat poor at mso, m — 1, . . . , mo — 1 (assuming here mo > 2). In order to 
show (17.34bp near mso, m = 1, . . . , mo — 1, we can repeat the above procedure in the intervals 
[(m — 1/2)sq, (m+ l/2)so]. The consistency of our definitions in overlapping intervals follows 
from uniqueness. For (I7.16cl) we use (I7.18cj) to show inductively 

\\e mA (v(t) - u{t))\\ < (2c x ) m S for < t < ms , (7.24) 

cf. ctd . D 
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We will use Proposition 17.81 to shed some light on (11.171) . the conjectured lower semicon- 
tinuity of the analyticity radius of u G Si/2,i- To motivate the construction in the following 
corollary, it should be noted that by definition of rad(w(t)), if t > and 

liminf rad(ufs)) > rad(tt(*)) (7.25) 

aft 

then 

Va < radO(t)) 3 a < tso that ||e aA w(s)|| < ooVs e]a,t] (7.26) 
but the uniform bound 

Va < rad(w(t))3a < tso that sup ||e aj4 w(s) || < oo (7.27) 

se]a,t] 

does not readily follow from the definitions. 

Corollary 7.10. Fix u G Si/2,1 and let Uq = u(0). For t G I and any v G Si/2,1 let v o — v(0) 
and define 

r t(vo) '■= sup < a > 0| sup ||e a v(s)\\ < 00 for some a < t > (7.28) 

[ se]a,t] J 

Thenr t {-) is lower semicontinous atuo as a function of the initial datavo in the H 1 ^ 2 topology. 
More precisely, for t G / 

liminf r t (v ) > r t (u ). (7.29) 

||«0— «to[| H l/2-*0 

If the analyticity radius of u satisfies \7.25\ ) and \1.2J\j then r t (u ) = rad(w(t)) and the 
analyticity radius at t is lower semicontinous as a function of the initial data at Uq. More 
precisely, Ji.iTp is valid. 

Proof. Fix t G J. Without loss we can assume r t (uo) > and / =]0, t}. Choose < a < r t (uo). 
Then there exists < a < t so that sup sg i at i ||e aA M(s)|| < 00. Define 6 : [0, t] — > [0, oo[: 

1 ; HfffK if se[a,t). 1 ; 



Note that 8{r + s) < Xy/r + 6(s) with A = a(t — a) -1 / 2 so that Proposition 17.81 applies. It 
follows that if \\v — -u ||^i/2 is small enough, sup Tg ] at ] ||e e ^ A f (r) || < 00. Thus by definition, 
for these Vq, r t (w ) > a. This gives (I7.29p . As for the last statement of the corollary, following 
through the definitions it is easy to see that r t (u ) = rad(u(t)) under the stated conditions. 
The definition of r t (v ) also implies rad(t> (t)) > r t (v ) for any v G Si/2,1 and thus (17.29P gives 
the stated result. □ 

We now continue with our discussion of global stability. 

Definition 7.11. For r > 1/2 we denote by 

I r = {u G PH r \ 3u G Q r : «(0) = u Q }, (7.31) 

and we endow X r with the topology from the space PH r . 

Our result on global stability is as follows: 

Theorem 7.12. Suppose uq G I1/2 and that the corresponding strong global solution u obeys 

liminf ||A 1/2 w(t)|| = 0. (7.32) 

t— >oo 
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Suppose in addition that A > is given so that 

A 1/2 e x ^ A u(-) E C([0, oof, L 2 ). (7.33) 

There exists 8q > swc/i i/ia£: 

i) If S < 5 ,v E PH 1 / 2 and \[A x ' 2 (vq — u )\\ < 5 it follows that v E l\/2 and that for all 
t > the corresponding strong global solution v satisfies 

|| A^ 2 e xViA (v(t) - u(t))\\ < Ki5, (7.34a) 
t 3/8 \\A 5/4 e xVlA (v(t) - u(t))\\ < K 2 5. (7.34b) 

ii) If in addition uq E PH r with r > 1/2, then u E X r and Uq is an interior point ofI r . 
Hi) If 5 < 5o,vo E PH 1 / 2 and \\vq — uq\\ h i/2 < 5 it follows in addition that 

<t)- 1 / 4 ||e AVL4 («(t) - u(t))\\ < K 3 5. (7.34c) 

In (I7.34al) - (l7.34cl) the constants K±, K 2 , K 3 > depend on \, u, and 5o but not on 5, and all 
bounds are uniform in t > 0. 

Proof. Choose T > 1 and large enough so that with w(s) = u To (s) = u(s + T ) 

Moc,To := sup S 3 / 8 ||A 5 /Vv / ^^( S )|| < (37a)" 1 . (7.35) 

s>0 

This is possible by Corollary 14.31 On the one hand we apply Proposition 17.81 with T = 2Tq 
and 6{t) = X\/t to construct a solution v in the interval [0, T]. We now construct v in the 
interval [To,oo[ using the bound (17.351) . This is done in a similar way as in the proof of 
Proposition 17.81 using the map F defined in (" 17. 22[) with the replacement to ~~ > Tq and using 
the Banach space with norm | • |oo,t defined in (17.351) . The contraction mapping argument 
then gives a fixed point w with |w|oo,t < K8- Finally we extend v to [T ,cxd[ by setting 
v (t) = u{t) + w(t — T ). The estimates (I7.34al) - (l7.34cl) follow easily. The statement [n] follows 
from [I] in combination with Propositions 12.41 and 12.51 and Corollary 17.51 

□ 

Lemma 7.13. Let r > 1/2. Suppose a given u E Q r obeys with I =]0, oo[. Then the 

condition (7.32) holds. 

Proof. Let u = u(0), and let n E N be given. Pick 8 > such that <5||wo|| < n ~ 2 , an d pick 
h > n such that 5 2 2n > ||mo|| 2 - Then, due to (I7.12p with t = 2n, for some t n E]n, 2n] we have 
||Au(t n )|| < 5. For this time t n 

\\A^ 2 u(t n )\\ 2 < \\Au(t n )\\ \\u(t n )\\ < 5\\u \\ < n- 2 , 

so || A 1 l 2 u(t n ) || < 1/n. Whence lim n ^oo ||A 1 / 2, u(i(: n )|| = for some sequence t n —> oo. □ 

Using Theorem 17.121 and Lemma [7.131 we obtain for the system (II. ip : 

Corollary 7.14. Let M = I and P be given as the Leray projection. Then for all r > 1/2 

the set I r is open in PH r . 

7.4. L 2 stability. Our final result on the stability of the L 2 norm is motivated by various 
previous works on L 2 decay properties, in particular [Scl| ISc2| IWij . In the following main 
result note the asymmetry between the solutions u and v reflected in the dependence of the 
constant K in (17.371) on u. 
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Proposition 7.15. Suppose u, v G G\ii where M = I and P is the Leray projection. Let 
uo(t) = e~ tA2 u(0) and Vo(t) = e~ tA2 v(0). We suppose 

\\u (t)\\ + \\vo(t)\\ < L(t)- a/2 (7-36) 
where o > 0. Let z(t) = v(t) — u(t) — w (t) where w (t) = v (t) — u (t). 

There exists 5q > such that if < 5 < 80 and \\v(0) — tt(0)||#i/2 < 5 we have for any 
e G [0, 1] such that (1 - e/2)cx ^ 1, 

||z(t)|| < ^(t)-min((l- £ /2) ff +l/4,5/4) > (737) 

i/ere depends on L, 5q, e, and u. 

Remarks 7.16. 1) The condition ||m (£)|| — 0(t~ a / 2 ) of (I7.36P is equivalent to the condition 
||1[o )T .](j4.)wq(0)|| = 0(r a ). This is one route to familiar sufficient conditions in terms of the 
L p norms of u (0) and of xu (0). For these conditions and additional inequalities see [BJ] . 

2) The condition ||tt (t)|| = 0(t~ a ^ 2 ) of (17.361) implies the following decay of the solution 

u G G1/2, 

\\u(t)\\ < C(t)- min(CT/2 ' 5/4) . (7.38) 

The inequality (I7.38P is proved in |Wij . It follows from an argument similar to but simpler 
than an argument used in the proof of Proposition 17. 1 51 to follow. Thus we omit the proof. 

3) The positive parameter Sq of Proposition 17. 151 can be determined as follows: Choose uq = 
u(0) in Theorem 17.121 and A > in agreement with (17.331) . Then according to Theorem 
17.121 there exists 5 > so that (17.34cj) holds. This 8 applies in Proposition 17.151 (in fact 
we shall only need (I7.34cl) with A = 0). 

4) The condition (1 — e/2)a 7^ 1 is introduced for simplicity to avoid logarithms in (I7.37p . 
If in addition to the hypotheses of Proposition 17.151 (excluding the requirement on e) we 
require ||iuo(i)|| < 8{t) ~°"/ 2 , then by repeating the proof of Proposition 17.151 the estimate 
(I7.37P can be improved to 

u .... f A^(t)- min ( CT+1 /4,5/4) il a ^l 

||z(t)||s {4!-/4 ln(t+2) ; u / =1 - ^ 

We will need the following lemma: 

Lemma 7.17. Assume the hypotheses of Proposition 7.15 and in addition the bound \\u(t)\\ < 
L{t)- a / 2 . Then for any e G [0, 1], and < 8 < I, 

||Vw (t)||oc < C8H- 1 (t)- ( V 4+(:L - e W 2 \ (7.40a) 

||Vu(t)||oo < Cr x {t)-W^ a/2 \ (7.40b) 

IK(0ll < C5 e (t}- {1 -^ 2 . (7.40c) 

Proof. In the following the definition of C may change from line to line. We have 

||Vw„(t)||oo = ||Ve- u2 Wo (0)||oc = \\K (t) * ^ (0)||oo < 5\\K (t)\\ (7.41) 

where Ko(t) is a (constant times) the inverse Fourier transform of £e~'^' 2 . We easily calculate 
||l£o(t)|| = Cr 5 / 4 and thus ||Vw (*)||oo < C5r b '\ We also have 

||Vw (t)||oc = ||Ve- M2/2 Wo (V2)||oo = \\K (t/2) *w (t/2)\\ o0 < 2LCr 5/4 • r CT/2 . 

Thus interpolating these two results we find for large time 

||V™ (t)|U < C5H-^ 1 -^' 2 . (7.42) 
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For small and intermediate times 

llVtUoWIL = WVA-^e-^A^Womioo = WMt) * A^oWHoc < *||#i(f)ll (7.43) 

where K\(t) is a (constant times) the inverse Fourier transform of £|£| _1//2 e~'^' 2 . We easily 
calculate = Ct" 1 and thus we have proved (I7.40aj) . 

The proof of (17.40bl) goes along the same lines. We obtain (taking here A > sufficiently 
small) 

HVn^lU = \\Ve~ xVlA e xVlA u(t)\\oo = \\K 2 (t) * e xVlA u(t)\\oc < \\K 2 (t)\\ ■ G (i) 1/2 (7.44) 

where here K2(t) is a (constant times) the inverse Fourier transform of £e _A ^*^' and Go(t) = 
\\e xV ~ tA u(t)\\ 2 . We calculate \\K 2 (t)\\ = Ct~^/ 4 and using Corollary Oi we deduce G (t) < 
Ct~ a . Thus we have the large time estimate 

HV^IU^Cr 5 / 4 -^ 2 . (7.45) 

To obtain the result for small and intermediate times we use ( 17.331) which gives 

||Vu(t)|U = IIVA-^V^^/V^V^IU = \\K 3 (t) * AVV^Vt)^ 

<C\\K 3 (t)\\. (7.46) 

We calculate ||fr 3 (t)|| = Ct~ l , completing the proof of (]7.40b[) . 

The proof of (17.40cj) proceeds by interpolating the two bounds ||wo(^)|| < $ an d H^oWII < 

2L(ty a / 2 . □ 

Remark. We will not use the bounds in (!7.4Ua|) and (17.40bj) for small t. We include these 
estimates for completeness. 

Proof of Proposition \7.15\ Note that from (I7.34cl) we have 

\\z(t)\\ <C5(t) 1/4 ,t>0. (7.47) 

For large time we use Schonbek's technique |Scf j . |Sc2j . We differentiate ||z(i)|| 2 and find 
(after an integration by parts) 

^IK*)U 2 = -\\ Az \\ 2 V(« + w )) -(z,u- Vw + w ■ V«) - (z, w ■ Vw ). (7.48) 

We will need the estimate ( I7.38p . Without loss of generality we can assume a < 5/2. In 
the following we shall also assume that 5q < 1 (in addition to the requirement of Remark 17.161 
[3]); this is just to minimize notation. 

We have (with some abbreviation) 

z(t, f ) = -P(£) [ e - {t - sm2 i^[u®w(s, + nT®u{s, + w~®w(s, £)]ds (7.49) 



where P(£) is the Leray projection in Fourier space. As a first step we get an initial bound 
for ||z(t)|| of the form < C5 e for all t > 0. Define k so that supt>o||^(t)|| = kd~ e . In the 

last term of (I7.49p we estimate 

|5f®5(a,0l < lk(^)ll 2 < (IN*)II + \\v(s)\\) ■ \\w(s)\\ < (2\\u(0)\\ + 5)\\w(s)\\. 
We note that by definition of k 

\\w(s)\\ < \\w(0)\\ + k5 £ <5 + kS e < (1 + k)5 e . 
From ( 17.49P it thus follows that 

\z(t,i)\<C\i\-\l + k)5\ (7.50) 
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Using (I7.48P we obtain for t > 1 

ItM^ 2 ^ - I l^l 2 I^OI 2 ^ + lk(t)|| 2 (||v^o(t)||oo + ||Vu(f)IL) 

+ K*) II (IK*) II • l|VWo(t)||oo + |K(t)|| ■ IIV^IU + IKWH ■ ||VWo(*)||oo) 

< -(or 1 -cr 5/4 - ff/2 )||^(t)|| 2 + ||^0ll^ e t~ 5/4 ~ (1 ~ e/2)ff + / \z(t,Z)\ 2 d£ 

J|^| 2 t<a 

< -(a/2*) || z(t) || 2 +CT 2e r 3/2-2(l-e/2)a + ^-1 /" j^)^. ( 7 . 5 1) 

J\£\ 2 t<a 

Here we have used (17.381) . fl7.40ap - fl7.40cp . and the "squaring inequality" for the term linear 
in ||z(*)||. We have also taken a large. Inserting f)7.50p and integrating we find for a large 
enough and t > 1 

\\z(t)\\ < r a ' 2 k5 e + Cr 1/4 (1 + k)5 e . 

We take to > 1 large enough so that for t > to 

\\z(t)\\ <kd e /3+(l + k)5 e /3. 

If the supremum of ||z(i)|| does not occur for t <t then 

k8 e < k5 e /3 + (1 + k)5 e /3 

so k < 1. Otherwise iW e < C5(t ) 1/4 by (J73ZD so that < C(t } 1/4 . Thus ||z(*)|| < C<5 e . We 
now make the inductive assumption that ||z(*)|| < C5 t (t)~ tJ, l 2 . From (17.491) we obtain 

1^,01 <iei [\2\\u(s)\\-\\w(s)\\ + \\w(s)\\ 2 ) ds 
Jo 

< C\t\ f {\\u{s)\\ ■ {\\wo{s)\\ + HsOOII) + K( S )|| 2 + ||z( S )|| 2 ) ds 
Jo 

<C|e| / 5 € ((s}- {1 - €/2)a + (s}-^ )/2 + (s}-») ds 
Jo 

<C\£\ f 5 e ((s)- {1 - e/2)a + (s)-") ds. (7.52) 
Jo 

In the third inequality above we have used (I7.40cl) . Assuming that |£| 2 t < a and integrating we 
find that if /x ^ 1 and /i < (l-e/2)<r then |z(t,f)l < C5 e |£| min ( 2 ' 1 - 1 > 1 ) whereas if fx > (l-e/2)a 
but (1 - e/2)a < 1 then \z(t,g)\ < C(5 e |e| (2(1 ^ /2) ^ 1} . If /i > (1 - e/2)<r > 1 then \z(t,£)\ < 
C5 e \£,\. Substituting in the differential inequality (17.511) and integrating we obtain (noting 
(I7.47P ) that in these three circumstances ||z(£)|| < C(t)~^/ 2 where p! = min(2/i + 1/2,5/2), 
fx' = 1/2 + 2(1 — e/2)a or fx' = 5/2, respectively. Tracing through the iterations starting from 
fx = we find that at most three iterations gives the stated result. □ 
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